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Introduction
Population dynamics is that part of life science which studies the space-time evo-
lution of biological species, considering also all phenomena, such as environmental
processes, whose influence is of paramount importance for a complete description
of the life processes within an ecosystem. Historically population dynamics was of
interest in mathematical biology, just think of the Gompertz, Verhulst and Malthu-
sian models, or the famous Lokta-Volterra equations [1, 2]. All these models are
still widely used in various research fields. In particular, the most important are the
epidemiological ones for the study of viral transmission [3], and the ecological ones
on the migration and foraging strategies of animal species [4].
During last decades specific applications of population dynamics and theoretical
models allowed to describe the behaviour of biological species in aquatic systems. In
particular great attention was devoted to the analysis and prediction of the dynam-
ics which govern the spatio-temporal distributions of planktonic species in marine
ecosystems. A deeper knowledge of the mechanisms responsible for the dynamics of
planktonic populations represents in fact one of the most pressing and, at the same
time, fascinating challenges for ecological modeling, due to emergent problems such
as global warming and reduction of the primary production, the latter being at the
base of the food chain. During the 20th century, biologists and naturalists devoted
much effort to study spatio-temporal distributions of biological species and in par-
ticular the mechanisms responsible for the formation of complex patterns, in view of
possible applications to the population dynamics in aquatic ecosystems. Despite of
this, the field observations constitute yet a challenge for theoreticians and there is
much work to be done before mathematical models, able to explain the complexity
of these dynamics and to provide a satisfactory description of the planktonic spatio-
temporal dynamics, are devised [5].
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It is important to recall that the analysis of the spatio-temporal behaviour of
phytoplankton species, in particular in marine ecosystems, is very worth for fishing
activities, whose efficiency depends on the length of food chains, transfer efficiency
and primary production, i.e. the process responsible for the phytoplankton biomass
growth [6]. In particular the primary production, which constitutes the base of the
metabolic activity of all aquatic ecosystems, is responsible for the amount of fish
populations [7, 8, 9, 10, 11]. In fact the variations in the growth of fish species
among different areas of the world are mainly explained by changes in the chloro-
phyll concentration, which is a marker of the presence of phytoplankton populations.
For instance, due to a decrease in the biomass concentration during last years, it
has been observed that the values of the anchovy growth in some regions of the
world result to be in the low end of the range [12]. Therefore, the knowledge of the
phytoplankton concentrations and their spatial distributions in marine ecosystem
is of fundamental importance to understand the dynamics and structure of aquatic
ecosystems [13, 14, 15, 16, 17, 18, 19, 20]. In fact the results obtained by using
predictive model could be useful to forecast future changes in the phytoplankton
distributions in marine ecosystems, contributing to prevent the decline of the phy-
toplankton production and the consequent decrease of fish species [18, 21, 22, 23].
In order to get a correct description and comprehension of these dynamics, it
is worth considering that phytoplankton communities and their abundances depend
on several phenomena of hydrological and biological origin, and involve different
limiting factors [24]. The Mediterranean Sea, i.e. the marine ecosystem studied
in this thesis, is generally characterized by oligotrophic conditions, and a previous
work [25] suggested that there is a decreasing trend over the time in the chloro-
phyll concentration present in the Sicily Channel. This has been associated with an
increased nutrient limitation resulting from reduced vertical mixing due to a more
stable stratification of the basin, in line with the general warming of the Mediter-
ranean Sea [25, 26, 27].
In marine ecosystems, the light intensity and nutrient concentration select different
species and groups along the water column, contributing to determine the biodiver-
sity of the ecosystem. The growth of all phytoplankton species is indeed limited
by the light intensity I and nutrient concentration R [16, 19, 20, 28]. The light
penetrates through the surface of the water and decreases exponentially along the
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water column. The nutrients, which are in solution, come from deeper layers of the
water column, near the seabed, and are characterized by an increasing trend from
the surface waters to the benthic layer [13, 16, 17, 18, 29]. In Mediterranean Sea
phosphorus, which is contained in phosphates present in solution, is the nutrient
component playing the role of limiting factor for the growth of the phytoplankton
populations [30, 31]. The mathematical models introduced in this thesis take into
account both limiting factors, i.e. light intensity and phosphorus concentration, in
order to better reproduce the vertical profiles of the phytoplanktonic species.
In particular, depending on the role assigned to these two environmental variables,
i.e. natural light and food resources, the studies on this topic can be divided in two
groups: (i) works based on light-limitation models, and (ii) studies based on models
which include as limiting factors both light and nutrient. Initial investigations de-
voted to phytoplankton dynamics, such as the pioneering work by Riley et al. [32],
exploited the first approach considering light as the only limiting factor for the phy-
toplankton dynamics. In this work authors introduce a model in which processes of
vertical diffusion and settling are, for the first time, taken into account together with
the growth and death processes of phytoplankton, considering only light-limitation
phenomena without taking into account the self-shading effect of the algae. Detailed
numerical models have been also developed to simulate the vertical profiles of phy-
toplankton concentration [33, 34, 35]. In these works, the role of the self-shading
effect of the algae in phytoplankton dynamics is taken into account by modifying the
analytical model by Riley et al. [32]. In particular, the non-linear term, that appears
in the differential equation of phytoplankton dynamics, leads to an interesting math-
ematical problem on the steady-state solutions of the system, studied and solved by
Shigesada and Okubo [35]. In the last two decades, extensive theoretical studies
have been performed by using models which include the co-limiting effect of light
and nutrient. Specifically, phytoplankton dynamics has been reproduced consider-
ing several systems and different effects such as vegetation patterns in water-limited
habitats [16, 36], marine ecosystems with weakly mixed layer [17, 29, 37], well-mixed
aquatic systems with a light gradient [13, 38], and non-uniform systems with two
species in competition for two limiting resources [7, 18, 39, 40, 41, 42, 43]. In all
previous works, however, the distribution of phytoplankton in oceans and lakes were
obtained by using deterministic models to describe and reproduce the experimen-
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tal data of biomass concentration. Conversely, very few authors applied stochastic
approaches to describe the population dynamics of planktonic species. Finally, no
authors converted the numerical results, obtained from mathematical models, in
chlorophyll-a concentration in order to compare theoretical findings with experi-
mental ones. On the base of these arguments two elements, representing a novelty,
have been introduced in this thesis: i) the use of a stochastic approach to model the
dynamics of one or more phytoplankton populations; ii) the comparison, between
theoretical and experimental distributions of chlorophyll concentration, performed
by the use of a conversion curve which allow to obtain, for each phytoplankton pop-
ulation, the equivalent chlorophyll content starting from the biomass concentration.
It is important to recall that marine ecosystems, because of the presence as well
of non-linear interactions among their parts as deterministic and random perturba-
tions due to environmental variables, are complex systems [44, 45, 46, 47, 48, 49, 50,
51, 52, 53, 54, 55, 56, 57, 58, 59, 60]. Therefore, in order to better reproduce this
non-linear and noisy dynamics, it is necessary that the models take into account the
presence of external random fluctuations [61, 62].
The focus of this thesis is to study the population dynamics of phytoplankton
species in the basin of the Mediterranean Sea, using stochastic advection-reaction-
diffusion models in which random fluctuations are introduced by terms of multiplica-
tive white Gaussian noise [29, 37, 51, 63]. In particular, the models presented are
focalized on the spatio-temporal analysis of picophytoplankton, i.e. phytoplankton
species whose linear size is less than 3 µm. This fraction of phytoplankton is formed
by three groups, i.e. Prochlorococcus, Synechococcus and picoeukaryotes [64, 65, 66],
and takes in account, on average, about 80% of the total chlorophyll-a (chl a) and
divinil chlorophyll-a (DVchl a) in Mediterranean Sea [67, 68].
In this thesis three studies, conducted in two hydrologically stable areas of the
Mediterranean Sea, i.e. Sicily Channel and Tyrrhenian Sea, are presented.
In particular, in the first part a stochastic advection-reaction-diffusion model, valid
for poorly mixed waters, is introduced to describe the dynamics of a picoeukaryotes
group in two different sites of the Sicily Channel. As a first step, a deterministic
analysis [16, 17] is performed to obtain in stationary conditions the vertical profiles
of the picoeukaryotes population, distributed along a one-dimensional spatial do-
main. Moreover the interaction of this population with the environment is assumed
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to occur through both limiting factors, that is light intensity and concentration
of nutrient, which in our ecosystem mainly consists of phosphorus. Therefore, in-
traspecific competition of the picoeukaryotes population for light and nutrients is
also considered. As a second step random fluctuations, due to the interaction with
the environment, are taken into account by adding a source of Gaussian multiplica-
tive noise to the differential equation for the biomass concentrations. Finally, the
indirect effects of environmental noise on picoeukaryotes dynamics are considered,
by inserting a term of white Gaussian multiplicative noise in the differential equa-
tion for the nutrient concentration.
In the second part of the thesis the initial stochastic model [7, 17, 18] is modified
to analyze the dynamics of two picophytoplanktonic groups, keeping to consider the
light intensity and nutrient concentration as limiting factors. Moreover, in order to
guarantee the coexistence of the two populations in the deep chlorophyll maximum
(DCM), suitable values of biological and environmental parameters have been set.
The main goal of this two-species analysis consists in the improvement of the results
obtained by the one-species model, in order to obtain a better matching with the
experimental data [17, 29, 37, 42]. Also in this case the spatio-temporal behavior
and profiles of the biomass concentration of the two picophytoplakton groups, i.e.
picoeukaryotes and Prochlorococcus, have been initially studied in the absence of
noise sources. Afterwards, analogously to the procedure followed for the one-species
model, in view of a better and more realistic description of the marine ecosystem
considered, terms of multiplicative Gaussian noise have been introduced, obtaining
also in this case a stochastic model. In particular, as a first step, the stochastic anal-
ysis has been performed inserting a source of white Gaussian noise in the differential
equation for the nutrient dynamics. Afterwards, two Gaussian multiplicative noise
terms have been added to the differential equations that describe the population dy-
namics of picoeukaryotes and Prochlorococcus. Statistical checks based on χ2 and
K-S tests have showed an agreement between theoretical results and experimental
data better than that obtained by using the one-species model.
The last study presented in this thesis consists in devising a deterministic model
which allows to describe the clorophyll-a concentrations obtained from data col-
lected in a site of the Tyrrenian Sea at different times. In particular the model is
able to reproduce the spatio-temporal behaviour of five picophytoplankton species
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whose concentrations were sampled during different oceanographic surveys in the
period from 24 November 2006 to 9 June 2007. Here, the competition between phy-
toplankton species for light and nutrient (phosphorus) has been modeled by using
a system of coupled reaction-diffusion-taxis equations. Moreover in this analysis,
in order to describe the water column stratification, it has been assumed that the
vertical diffusivity is not constant, but takes a larger value in the upper part of the
water column and a much smaller value in the deeper layers. Finally, to guarantee
the coexistence among the five species along the water column, the invasion thresh-
old criterion, devised by Ryabov and Blasius [7, 69], has been used. Preliminary
results displayed a good agreement between numerical distributions and experimen-
tal profiles.
It is important to note that, in all systems analyzed in this thesis, the steady
vertical distributions of the phytoplankton biomass have been obtained numerically
solving the equations of the models by an explicit finite difference scheme. More-
over, in order to compare the numerical results with the experimental findings, the
theoretical cell concentrations of the picophytoplankton species have been converted
into chl a and DVchl a concentrations by using the curves of mean vertical profile
obtained by Brunet et al. [68] for picoeukaryotes and Prochlorococcus, and assuming
that the content per cell of Synechococcus is constant and equal to 2 fg/cell [70].
The plan of this thesis is as follows. In Chapter 1 we give a short presentation of
the experimental and phytoplanktonic data collected during different oceanographic
surveys in Mediterranean Sea. In Chapter 2 we introduce the deterministic and
stochastic approaches (one-species model) adopted to describe the picoeukaryotes
dynamics in Sicily Channel. Moreover, numerical results for the biomass concen-
tration are compared with experimental data by using χ2 goodness-of-fit test. In
Chapter 3 we modify the previous one-species model to study the population dy-
namics of two picophytoplankton groups, i.e. picoeukaryotes and picoprokaryotes
(Prochlorococcus). The agreement between theoretical results and experimental
findings is checked by using two comparative methods: χ2 goodness-of-fit test and
Kolmogorov-Smirnov (K-S) test. In Chapter 4 we introduce a deterministic model
used to perform the spatio-temporal analysis of five picophytoplankton species sam-
pled in a site of the Tyrrhenian Sea: numerical results are compared with exper-
imental data acquired during different oceanographic surveys in the period from
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24 November 2006 to 9 June 2007. Finally conclusions and future prospects are
discussed.
7
Chapter 1
Experimental data
In the first part of the chapter, we give some specific information on hydrological
and chemical proprieties of Mediterranean Sea. Afterwards, sampling strategies and
data collection methodologies, used during oceanographic surveys, are described in
the two sub-sections dedicated to geographical areas studied in this thesis.
In the second section of the chapter, we use the study of taxonomic pigments
to classify different phytoplankton groups and estimate their quantities. Moreover,
the chlorophyll cellular content for every picophytoplankton species is obtained by
using the experimental findings analyzed in previous works.
The last part of the chapter covers the description of vertical profiles of tem-
perature and chl a concentration sampled in marine ecosystems during several
oceanographic cruises.
1.1 Environmental data
In this section, we study the experimental data collected in Mediterranean Sea dur-
ing last two decades. By analyzing data, it is possible to observe that Mediterranean
basin is characterized by particular hydrological and chemical peculiarities described
in the following.
From a hydrological point of view, the Mediterranean Sea is a three-layer sys-
tem [31, 71, 72, 73]. Specifically, the upper layer (from the surface down to 200 m)
is occupied by the Modified Atlantic Water (MAW), which enters through the Strait
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of Gibraltar from the Atlantic Ocean, and flows from west to east by crossing the
whole Mediterranean basin. The intermediate layer (from 200 m down to 600-700
m) is occupied by the Levantine Intermediate Water (LIW), which is formed in the
easternmost part of the Mediterranean basin. The LIW crosses Mediterranean Sea
up to reach the Strait of Gibraltar, where it is mixed with Atlantic Water. Finally,
the deep layer (from 700 m down to the bottom of water column) is occupied by two
different dense water masses corresponding to two sub-basins of Mediterranean Sea,
i.e. Eastern Mediterranean Deep Water (EMDW) and Western Mediterranean Deep
Water (WMDW). The first is formed in the Adriatic Sea and Aegean Sea during the
winter season, while the latter is generated by strong northerly winds, which blow
in the Gulf of Lions and Ligurian Sea during late winter and early spring.
In this thesis, the analysis of experimental data has been restricted to the upper
layer which correspond to the euphotic zone, where the environmental conditions
allow the growth of phytoplankton species. Here, the parameter used to identify
the nutrient considered limiting factor is the Redfield stoichiometry, which gives the
atomic ratios of chemical elements found in phytoplankton and throughout the deep
oceans. In the top layer, chemical proprieties showed anomalous values of Redfiel-
dian nutrient concentration ratios respect to other marine ecosystems [31, 72, 74].
Indeed, in Mediterranean Sea, both nitrate to orthophosphate (N : P ) and orthosili-
cate to nitrate (Si : N) molar ratios are greater than the Redfieldian ones (N : P=16
and Si : N=0.9). In particular, the ratio N : P decreases in the western basin, but
it stays always above 20. Therefore, it has been chosen the phosphorous as the
nutrient component that plays the role of limiting factor in our models.
After the description the main features of Mediterranean Sea, it is necessary to
give some specific information on the marine ecosystems studied. In the following
subsections we are going to introduce the sampling methods and environmental data
of three sites located in the Strait of Sicily and Tyrrhenian Sea.
1.1.1 Strait of Sicily
The former two works presented in this thesis take into account the experimen-
tal data acquired in the period 12th - 24th August 2006 in the Sicily Channel area
(Fig. 1.1) during the MedSudMed-06 Oceanographic Survey onboard the R/V Ura-
nia. The hydrological parameters, i.e. conductivity, temperature and density, were
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sampled by means of the SBE911 plus CTD probe (Sea-Bird Inc.), while chlorophyll
a and divinil chlorophyll a fluorescence measurements (chl a/divinil chl a, µg l−1)
were contemporary performed by using the Chelsea Aqua 3 sensor. The vertical
profiles of temperature were used to localize the thermocline, which is the depth
along the water column at which the gradient of temperature reaches a maximum.
On the other side, the fluorescence measurements were used to estimate the total
biomass concentration corresponding to all phytoplankton species present in the
marine ecosystem.
The CTD stations were located on a grid of 12 x 12 nautical miles in the Strait
of Sicily, and the values of the oceanographic parameters were acquired along a
transect between the Sicilian and Libyan coasts. In our works, two stations out
of the whole data set were considered. Specifically, the selected stations were lo-
cated in the south of Malta (site L1105) and on the Libyan continental shelf (site
L1129b). The experimental data were quality-checked and processed following the
MODB instructions [75] using Seasoft software. The post-processing procedure gen-
erated a text file for each station where the values of the oceanographic parameters
were estimated with a 1 m step. During the MedSudMed-06 Oceanographic Survey,
hydrological conditions remained constant for the entire sampling period and were
representative of the oligotrophic Mediterranean Sea in summer. Nitrate, nitrite,
silicate and phosphate concentrations were not determined.
1.1.2 Tyrrhenian Sea
The third work introduced in this thesis considers the experimental data collected
in the period from 24th November 2006 to 30th October 2010 in a sampling site (39o
30.00′N,13o30.00′E) localized in the middle of the Tyrrhenian Sea (Fig. 1.2). This is a
hydrological stable area of Mediterranean Sea, where oligotrophic waters are mainly
populated by picophytoplankton species during the whole year. Here, in order to
study the seasonal variability of physical parameters, and nutrient and phytoplank-
ton concentrations, the data were acquired in several times of the year, during three
different oceanographic cruises (VECTOR-TM1, November 2006; VECTOR-TM2,
February 2007; VECTOR-TM4, June 2007) performed on board of the R/V Urania
of the Italian National Research Council (CNR).
In all oceanographic surveys similar sampling strategies and methodologies were
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Figure 1.1: Locations of the CTD stations where the experimental data were col-
lected.
used. In particular, vertical profiles of temperature, salinity and density were ac-
quired by using a CTD probe equipped with fluorescence sensor, which measured
total chlorophyll concentrations. The vertical profiles of temperature were used to
study the displacement of the thermocline along the water column as a function
of the time, and localize the depth of the upper mixed layer (UML). The vertical
profiles of chl a were used to estimate the total biomass concentration of the phy-
toplankton species and find the position of the deep chlorophyll maximum (DCM)
as in two previous works.
Nutrient concentrations and chlorophyll a (or divinil chlorophyll a) concentrations
for every picophytoplankton species were obtained by analyzing the bottle samples
collected at almost the same depths (0, 25, 50, ... 200 meters) during the sam-
pling periods. Nitrate, nitrite, silicate and phosphate concentrations, collected in
polyethylene vials and stored at −20 oC, were determined within a few weeks after
the end of each cruise by using classical methods of measurement with slight mod-
ifications [72, 73, 76]. The photosynthetic pigments samples were filtered to divide
the picophytoplankton fraction from the rest of phytoplankton communities, and
stored in liquid nitrogen for pigment analysis [72, 73]. Afterwards, in order to ob-
tain the chlorophyll concentration for each phytoplankton species, high-performance
11
liquid chromatography (HPLC) analysis was used within two weeks of the sampling
in according to the protocol described by Dimier et al.(2007) . Finally, the results
of HPLC analysis were compared with those obtained by the fluorescence sensor,
showing a qualitative agreement appearing between the values of total chlorophyll a
and divinil chlorophyll a concentration measured by using the two methods.
Figure 1.2: Location of the sampling site (39o 30′.00N,13o30′.00E) where the experi-
mental data were collected during the period from 24 November 2006 to 30 October
2010 (Courtesy of Ribera d’Alcala` et al., 2009 (Ref. [72])).
1.2 Phytoplanktonic data
The quantity that indicates the presence of phytoplankton biomass in marine envi-
ronment is the concentration of chlorophyll a and divinil chlorophyll a [67, 68]. In
particular, the contribution of each phytoplankton group to the total phytoplankton
biomass is obtained using group-specific conversion factors empirically determined,
and based on the analysis of taxonomic pigments [65, 77]. These have been used as
size class markers to identify two main size fractions: picophytoplankton (< 3µm)
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and nano- and micro-phytoplankton (> 3µm).
The picophytoplankton size fraction accounts for 80% of the total chl a and
Dvchl a on average in the Mediterranean Sea, and is mainly represented by two
groups: picoprokaryotes and picoeukaryotes. The picoprokaryotes group is dom-
inated by two species of cyanobacteria, i.e. Synechococcus and Prochlorococcus,
while picoeukaryotes group is mainly represented by prymnesiophytes (or hapto-
phytes) and pelagophytes [67]. Finally, diatoms, cryptophytes and dinophytes are
present in traces.
Prochlorococcus, Synechococcus and picoeukaryotes are usually identified and mea-
sured based upon their scattering and autofluorescence [67]. This is due to the
presence of chl a or Dvchl a molecules in their cells. In general, Synechococcus
contributes more than 20% of the total chlorophyll concentration on average in the
Mediterranean Sea. This species is mainly localized close to the surface water and
is almost absent in DCM. Viceversa, Prochlorococcus and picoeukaryotes dominate
deeper layers and contribute equally to the picophytoplankton biomass in terms of
chl a and Dvchl a concentrations in DCM, even if Prochlorococcus are numerically
more abundant than the picoeukaryotes group [68].
The nano- and micro-phytoplankton fraction amounts in average to 20% of the
total chl a and Dvchl a and is dominated by prymnesiophytes, pelagophytes and
diatoms. This size fraction is poorly present in DCM, and is almost uniformly dis-
tributed along the water column.
Picophytoplankton groups present eco-physiological properties [78, 79, 80, 81]
that make them appropriate to be studied by the use of biological models. In fact,
the small size of picoprokayotes and picoeukaryotes leads to a low package effect,
which contributes to the light-saturated rate of photosynthesis that can be achieved
at relatively low irradiances [78, 82, 83, 84]. This feature allows the growth of pi-
coeukaryotes in deeper layers of the water column. Conversely, a low nutrient uptake
of picoeukaryotes leads to an enough high nutrient concentration in shallower layers
of the water column, where mainly picoprokayotes are localized and their growth is
allowed. As a consequence, picoprokaryotes are dominant in the first 50 meters, but
are replaced by picoeukaryotes in deeper water [68].
Experimental findings showed that Synechococcus prevails on others species inside
the 0-30 m upper layer [70], where Prochlorococcus concentration remains constant
13
with depth. In deeper layers, between 50 and 90 m of depth, it has been observed
that Synechococcus cells are replaced by Prochlorococcus ones [68]. In particu-
lar, the ratio between the cell concentration of Prochlorococcus and Synechococcus
shows an significantly increase as a function of depth up to reach its maximum
value at 90 m. Moreover the experimental data, acquired in Mediterranean Sea,
showed that the vertical profiles of Prochlorococcus concentration have a bimodal
distribution in the intermediate layers of the water column [68, 85], indicating the
coexistence of two ecotypes of this species: high light-adapted (HL-) ecotype and
low light-adapted (LL-) ecotype. The former is localized in the upper part of the
euphotic zone between the surface water and 90 m of depth, while the latter is
present at depths from 50 m downward [68, 85, 86]. However, the growth rate and
the average cell concentration of LL ecotype are lower than those of HL ecotype in
Mediterranean Sea. As a consequence, the biomass of Prochlorococcus is mainly
located in shallower layers of the water column, between 30 m and 90 m of depth.
It is worth to underline that heterogenous composition is also a feature of picoeukary-
otes group. In particular, in a previous work [66], it has been shown as a clear seg-
regation along the water column of species belonging to the picoeukaryotes group
is present in Mediterranean Sea. Specifically, Brunet et al. have found that pry-
mensiophytes are more abundant in shallower layers of DCM, while pelagophytes
dominate its deeper layers.
Therefore, because of their peculiarities and relevant role in the functioning of the
ecosystem, picoprokaryotes and picoeukaryotes constitute two groups that can co-
exist in the same marine environment. In these conditions they are suitable to be
described by a model of population dynamics [7, 17, 18, 29, 43].
The magnitude of the picophytoplankton cell concentration has been analyzed in
previous works during the last two decades in Mediterranean Sea. In particular, the
highest Synechococcus abundances (8.3× 104 cell ml−1) was observed in Gulf of Li-
ons, while the maximum of Prochlorococcus concentration (1.84×105 cell ml−1) has
been found close to Lybia during the summer period [85]. However, Synechococcus
concentration did not exceed, usually, the value of 1.9 × 104 cell ml−1 in all other
areas of Mediterranean Sea. Finally, the maximum of picoeukaryotes (4.0× 103 cell
ml−1) has been observed in the Sicily Channel during the winter [87].
In the last years, detailed analysis have been done on picophytoplanktonic groups
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in the Strait of Sicily during the summer period [65, 67, 68]. Here, Synechococcus
cell concentration showed a limited increase as a function of the depth down up to 50
m, with a relative peak of 1.05× 104 cell ml−1, which is about ten times lower than
that found for Prochlorococcus species. The chl a cellular content of Synechococcus
did not show appreciable variations with depth down up to 50 m [67, 68], even if
its values changed in different areas of Sicily Channel. Because the chl a cellular
content of Synechococcus in Mediterranean Sea has not been reported, exactly, in
previous works, in this thesis has been used the value obtained by Morel in Mauri-
tania coast, where the cellular content for this species was fixed equal to 2 fg chl a
cell−1 [70].
In the Strait of Sicily, picophytoplankton is numerically dominated by Prochloro-
coccus with average concentrations of 5.2 × 104 cell ml−1. This species is more
concentrated in DCM, where it can reach the mean value of 12.5× 104 cell ml−1. In
particular, the marker of Prochlorococcus is divinil chlorophyll a, whose molecular
structure is almost identical to that of chlorophyll a. The Dvchl a cellular content
of the total Prochlorococcus, which takes in account the presence of both ecotypes,
ranges between 0.25 and 2.20 fg Dvchl a cell−1 along the water column, with a mean
value exponentially increasing with depth (see Fig. 1.3a) [68].
Finally, in previous works, it is also possible to observe that the average picoeukary-
otes concentration in the DCM is 0.6 × 103 cell ml−1, and the mean value of chl
a cell−1 ranges between 10 and 660 fg chl a cell−1 along the water column, with a
significant exponential increase with depth (see Fig. 1.3b) [68]. The concentration
of chl a per cell in picoeukaryotes is highly variable among different water masses,
with significantly higher values in the DCM respect to the surface [66, 79, 83, 88].
It is worth noting that experimental analysis performed on samples collected in
Sargasso Sea and Mediterranean Sea showed that the cellular content of chl a and
Dvchl a increases in picoeukaryotes and Prochlorococcus with decreasing light con-
ditions [68, 89]. In particular, with light intensity ranging from 1500 µmol photons
m−2 s−1 near the surface to less than 1 µmol photons m−2 s−1 below the euphotic
zone (approximately 100 m in Mediterranean Sea during the summer period), cells
display a variety of differences. The most obvious ones are the concomitant increases
in cell size and pigment content, which generally occur below the depth of the mixed
layers [90]. On the other side, for depth greater than 100 m, the cell concentration of
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Figure 1.3: Mean vertical profile of Dvchl a content per Prochlorococcus cell (panel
a) and chl a content per picoeukaryotes cell (panel b). Error bars are Standard
Deviation. Equation and r2 for the fit are reported on the plots. (Courtesy of
Brunet et al., 2007 (Ref. [68])).
picophytoplankton shows a considerable decrease, due to the dramatic diminution
of the light intensity, which becomes less than 1% of the light intensity at the sea
surface. The consequent strong reduction of cell concentration below the euphotic
zone allows to exploit the conversion curves shown in Fig. 1.3 also for depth below
100 m, describing, without significative errors, the increase in pigment content per
cell. In general, these curves are not used for picophytoplankton species localized
close to the surface water. Therefore, because Synechococcus are placed in shallower
layers of the water column, the chl a cellular content of this species has been fixed
constant in agreement with the experimental results obtained by other authors.
1.3 Experimental results
In this section, we describe the experimental data used to validate the theoretical re-
sults obtained by mathematical models. In particular, in the following sub-sections,
we analyze the behaviour of hydrological parameters and chl a concentrations, along
the water column, in two different marine ecosystems, i.e. Strait of Sicily and Tyrrhe-
nian Sea.
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1.3.1 Strait of Sicily
In the first ecosystem analyzed in this thesis, the vertical profiles, both for temper-
ature and chl a concentration, have been acquired in order to be compared with
numerical results obtained by using one-species and two-species models. The ex-
perimental data, collected in two different sites of the Sicily Channel during the
MedSudMed-06 Oceanographic Survey, are shown in Fig. 1.4.
In site L1129b, the behaviour of the temperature along the water column indicates
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Figure 1.4: Profiles of temperature (panels a, c) and chl a concentration (panels
b, d) measured in sites L1129b and L1105. The black lines have been obtained by
connecting the experimental points corresponding to samples distanced of 1 meter
along the water column. The total number of samples measured in the two sites is
n = 176 for L1129b, and n = 563 for L1105.
the presence of an upper mixed layer (from the surface to 28 m of depth) charac-
terized by a high value of temperature. Below the thermocline (28 m of depth) the
temperature decreases up to 80 m, becoming uniform below this depth (Fig. 1.4a).
The site L1105 shows an upper mixed layer over the first 24 m of depth, and a
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sharp decrease of temperature from 24 to 75 m (Fig. 1.4c). Experimental data for
chl a concentration show a nonmonotonic behaviour, as a function of the depth,
characterized by the presence of DCM in both sites (see Fig. 1.4b,d). Specifically,
fluorescence profiles show a similar behaviour in the two sites, with chl a concentra-
tion ranging between 0.010 and 0.17µg chl a l−1, and a deep chlorophyll maximum
(DCM) localized at 87 m (site L1129b) and 111 m (site L1105) of depth. Differences
between the two sites are observed in the depth, shape and width of the DCM.
1.3.2 Tyrrhenian Sea
In the second ecosystem studied in this thesis, the experimental data have been
collected in a site of the Tyrrhenian Sea during three different periods of the year,
and compared with theoretical results obtained by a five-species model. The vertical
distributions of temperature and chl a concentration are shown in Fig. 1.5.
The first sampling has been performed during VECTOR-TM1 Oceanographic Sur-
vey (24 November 2006). Here, the experimental profiles show the presence of an
upper mixed layer, from the surface down to the thermocline, where the tempera-
ture is characterized by intermediate values. Below the thermocline (51 m of depth),
the temperature decreases down up to 80 m, becoming uniform below this depth
(Fig. 1.5a). The vertical profile of chl a concentration indicates an average value of
0.09 µg l−1 in the upper mixed layer, while a deep chlorophyll maximum is observed
at 63 m, below the thermocline (Fig. 1.5b).
The experimental data, acquired during VECTOR-TM2 Oceanographic Survey (3
February 2007), indicates the presence of an upper mixed layer, from the surface
to thermocline (69 m depth), where the temperature is characterized by low values
(see Fig. 1.5c) and the chl a concentration ranges between 0.10 and 0.13 µg l−1(see
Fig. 1.5d). The temperature profile shows a uniform behaviour over the first 69 m
of depth, while a weak decrease is observed within a water layer localized between
69 and 81 m of depth, below which the temperature returns to assume almost con-
stant values (Fig. 1.5c). Viceversa, the fluorescence profile shows a non-monotonic
behaviour with a DCM placed close to the thermocline, at 71 m of depth, where the
chlorophyll concentration reaches a maximum value of 0.20 µg l−1(Fig. 1.5d).
Finally, the experimental profiles collected during VECTOR-TM4 Oceanographic
Survey (9 June 2007), showed a partially different behaviour respect to the previous
18
 0
 40
 80
 120
 160
 200
 10  20  30
D
ep
th
 (m
)
Temperature (deg C)
(a)  0
 40
 80
 120
 160
 200
 0  0.1  0.2  0.3
D
ep
th
 (m
)
chl a concentration (µg/l)
(b)
 0
 40
 80
 120
 160
 200
 10  20  30
D
ep
th
 (m
)
Temperature (deg C)
(c)  0
 40
 80
 120
 160
 200
 0  0.1  0.2  0.3
D
ep
th
 (m
)
chl a concentration (µg/l)
(d)
 0
 40
 80
 120
 160
 200
 10  20  30
D
ep
th
 (m
)
Temperature (deg C)
(e)  0
 40
 80
 120
 160
 200
 0  0.1  0.2  0.3
D
ep
th
 (m
)
chl a concentration (µg/l)
(f)
Figure 1.5: Profiles of temperature (panels a, c, e) and chl a concentration (panels
b, d, f) acquired in the sampling site (39o 30′.00N, 13o30′.00E), during three oceano-
graphic cruises (VECTOR-TM1, 24 November 2006 (panels a, b); VECTOR-TM2,
3 February 2007 (panels c,d); VECTOR-TM4, 9 June 2007 (panels e,f)). The black
lines have been obtained by connecting the experimental points corresponding to
samples distanced of 1 meter along the water column. The total number of samples
measured in the site is n = 3439 for VECTOR-TM1, n = 3439 for VECTOR-TM2,
and n = 3488 for VECTOR-TM4.
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samplings. In particular, the vertical profile of the temperature indicates that the
thermocline is localized at 24 m, in a position shallower than that observed in other
periods of the year. Moreover, it is possible to note that the temperature of the
upper mixed layer is much lower than that of the deeper layers (see Fig. 1.5e). As
a consequence, due to the limited nutrient mixing generated by the stratification of
the water masses, we expect that the chl a concentration is very low in the upper
layer, and is very high in the DCM. This hypothesis is in agreement with the exper-
imental results (see Fig. 1.5f). In particular the average chl a concentration, above
the thermocline, is lower than that observed in other seasons, while the chlorophyll
concentration reaches a maximum value of 0.28 µg l−1 in correspondence of the
DCM. This is localized, during the late spring, in the deeper layers of the water
column (84 m of depth), where the nutrient concentration is much higher than that
of the surface layers.
In conclusion, the experimental profiles show a similar behaviour during the three
samplings, even if the upper mixed layer and DCM show differences in the depth,
shape and width.
Chapter 2
Models for population dynamics of
a picophytoplankton group
In this chapter, we present an advection-reaction-diffusion model to describe the
picophytoplankton dynamics in the basin of the Mediterranean Sea, characterized
by poorly mixed waters. In particular, we analyze the population dynamics of the
picoeukaryotes group by using two models based on two different approaches, i.e.
deterministic and stochastic.
In the first section of the chapter, we introduce a deterministic model in order to
simulate the vertical profile of the picoeukaryotes biomass concentration along the
water column in our marine ecosystem. Afterwards, the numerical results obtained
are compared with the experimental data collected in the two different sites of the
Strait of Sicily.
In the second section of the chapter, in order to match better the theoretical
results to the experimental data, the random fluctuations of the environmental vari-
ables are taken into account. In particular, a stochastic model is obtained from the
deterministic one by inserting into the equations terms of multiplicative Gaussian
noise.
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2.1 Deterministic approach
In previous works the spatio-temporal dynamics of a phytoplankton community has
been usually analyzed by using deterministic approaches. According to this, as a
first step, a deterministic model has been chosen to study the behaviour of the pi-
coeukayotes group in the marine ecosystems considered. In particular the growth of
phytoplankton population is taken in account considering two limiting factors, i.e.
nutrient and light, along the water column, reproducing the mechanism schemati-
cally shown in Fig. 2.1. Specifically, the mathematical tool used to simulate the phy-
Figure 2.1: Scheme of the mechanism responsible for the phytoplankton dynam-
ics (modified from original figure by Alexey Ryabov). (a) Image of Micromonas
NOUM17 (courtesy of Augustin Engman, Rory Welsh, and Alexandra Worden.
toplankton dynamics is an advection-reaction-diffusion model. Moreover, according
to real natural conditions, the light intensity decrease and nutrient concentration
are assumed to decrease and increase, respectively, as a function of the depth.
2.1.1 Description of the model
In this paragraph, the model consisting of a system of differential equations, with
partial derivatives in time and space (depth), is introduced by using a deterministic
approach. The model allows to obtain the dynamics of the phytoplankton biomass
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b(z, t) and nutrient concentration R(z, t). The light intensity I(z, t) is given by a
function varying, along the water column, with the depth and biomass concentration.
The behaviour of the phytoplankton biomass, along the water column, is the results
of three processes: growth, loss, and movement. The phytoplankton growth rate
depends on I and R [16, 18, 24, 28, 91]. The limitation in phytoplankton growth
is described by the Monod kinetics [92]. The gross phytoplankton growth rate per
capita is given by min{fI(I), fR(R)}, where fI(I) and fR(R) are obtained by the
Michaelis-Menten formulas
fI(I) = rI/(I +KI), (2.1)
fR(R) = rR/(R +KR). (2.2)
In Eqs. (2.1), (2.2), r is the maximum growth rate, while KI and KR are the
half-saturation constants for light intensity and nutrient concentration, respectively.
Varying KR and KI allows to model, for instance, a species (or group) which is bet-
ter adapted to the light (smaller values of KI) or nutrient (smaller values of KR).
More specifically, we consider a group with small KI and large KR that corresponds
to good life conditions at large depth. These constants depend on the metabolism
of the specific microorganism considered.
The biomass loss, connected with respiration, death, and grazing, occurs at a rate
m [13, 15, 16, 17, 18]. The gross per capita growth rate is defined as
g(z, t) = min(fR(R(z, t)), fI(I(z, t))). (2.3)
The effect of the turbulence, responsible for passive movement of the phytoplankton,
is modeled in differential equation by using diffusion term. Specifically, the turbu-
lence is described assuming that the vertical diffusion coefficient is uniform with the
depth and characterized by a low value (Db = DR = 0.5). This choice is motivated
by the fact that in sites L1129b and L1105 the phytoplankton peaks, located at 87
m and 111 m respectively, are quite far from the thermocline (see Fig. 1.4).
The movement of the phytoplankton depend on biological conditions, and is de-
scribed by the advection term. In general, phytoplankton should go up (or down)
if the biological conditions are more suitable for growth above (below) than below
(above), while no migration should occur if the biomass concentrations are the same
at different depths [16]. However, in this study, the advection term takes in account
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only the downwards movements due to gravitational force (passive movement), in
agreement with other authors [17, 18].
These assumptions about growth, loss, and movement, allow to obtain the following
differential equation for the dynamics of the biomass concentration b [16, 17]
∂b(z, t)
∂t
= g(z, t)b(z, t)−mb(z, t) +Db
∂2b(z, t)
∂z2
− v
∂b(z, t)
∂z
. (2.4)
The positive phytoplankton velocity v is oriented downward (sinking), in the direc-
tion of positive z. Phytoplankton does not enter or leave the water column. This is
set by using no-flux boundary conditions at z = 0 and z = zb[
Db
∂b
∂z
− vb
]∣∣∣∣∣
z=0
=
[
Db
∂b
∂z
− vb
]∣∣∣∣∣
z=zb
= 0. (2.5)
Eddy diffusion is responsible for mixing of the nutrient concentration along the
water column, with vertical turbulent diffusivity DR. The nutrient consumed by the
phytoplankton is also obtained from recycled dead phytoplanktonic microorganisms.
The dynamics of the nutrient concentration can be therefore modeled as follows
∂R(z, t)
∂t
= −
b(z, t)
Y
g(z, t) +DR
∂2R(z, t)
∂z2
+ εm
b(z, t)
Y
. (2.6)
Here Y is the phytoplankton biomass produced per unit of nutrient consumed, and
ε is the nutrient recycle coefficient. Since the nutrient is not supplied by the sea
surface but comes from the seabed, its concentration is set to the constant value Rin
in the sediment and, as a consequence, to the value R(zb) in the bottom of the water
column. In fact the nutrient diffuses across the sediment-water interface with a rate
proportional to the concentration difference between the solid phase (seabed) and
the deepest water layer (bottom of the water column). Accordingly, the boundary
conditions are given by
∂R
∂z
∣∣∣∣∣
z=0
= 0,
∂R
∂z
∣∣∣∣∣
z=zb
= h(Rin −R(zb)), (2.7)
where h is the permeability of the interface. Finally, taking into account Lamber-
Beer’s law [35, 93], the light intensity is characterized by an exponential decrease
modeled as follows
I(z) = Iin exp
{
−
∫ z
0
[ab(Z) + abg] dZ
}
, (2.8)
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where a and and abg are the attenuation coefficients due to the phytoplankton
biomass and background, respectively. Equations (2.4)-(2.8) form the biophysical
model used in this analysis.
2.1.2 Simulation setting
In order to reproduce the spatial distributions obtained from the real data for the
phytoplankton biomass (see Fig. 1.4), for the environmental and biological parame-
ters we choose values which satisfy the monostability condition given by the presence
of a deep chlorophyll maximum [13, 16, 17, 18]. Moreover, the values of the biolog-
ical parameters r, KI , KR, v, have been chosen to reproduce the characteristics of
the picoeukaryotes and simulate their behaviour. The numerical values assigned to
the parameters are shown in Table 2.1.
Here it is worth noting that the vertical turbulent diffusivity is kept constant along
the water column. In fact, in systems characterized by a constant value of the dif-
fusion coefficient, the stationary state does not depend on the initial conditions,
according to previous studies [16, 18].
The values of the light intensity resulted to be quite high in both sites, since the
sampling occurred during the summer (August 2006). In this period the light in-
tensity at the water surface is larger than 1300 µmol photons m−2 s−1. Moreover,
the sinking velocity is set to the value estimated by other authors [17] for pico-
phytoplankton (v = 0.1 m day−1). The diffusion coefficient is fixed at the value
Db = 0.5 cm
2 sec−1, which corresponds to the condition of poorly mixed waters. By
solving Eqs. (2.4)-(2.8) we obtain the biomass concentration expressed in cells/m3
along the water column. Depths of the water column used in the model were set
according to the measured depths in the corresponding marine sites. Moreover the
light intensities, Iin, are fixed using data available on the NASA web site
1. Finally,
nutrient concentrations at the seabed were set at values such as to obtain, for each
site, a peak of biomass concentration at the same position of the peak experimen-
tally observed. All the other parameters are the same in both sites. The growth
rate obtained from Eq. (4.3) agrees with the values measured by other authors [94].
Preliminary analysis (data not shown) revealed that the monostability condition
1http://eosweb.larc.nasa.gov/sse/RETScreen/
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Symbo l Inte rpreta tio n U nits S ite L 112 9 b S ite L 1105
Iin Inc id ent lig ht intensity µmo l pho to ns m−2 s−1 14 04 .4 4 13 8 3 .19
abg B a ck g ro u nd tu rb id ity m−1 0.04 5 0.04 5
a A b so rptio n c o e ffi c ient o f phyto pla nk to n m2 c e ll−1 6× 10−10 6× 10−10
zb D epth o f the wa te r c o lu mn m 18 6 57 5
Db = DR Vertic a l tu rb u lent d iff u sivity cm2 s−1 0.5 0.5
r M a x imu m spec ifi c g rowth ra te h−1 0.08 0.08
KI H a lf-sa tu ra tio n c o nsta nt o f lig ht-limite d g rowth µmo l pho to ns m−2 s−1 2 0 2 0
KR H a lf-sa tu ra tio n c o nsta nt o f nu trient-limite d g rowth mmo l nu trient m−3 0.04 2 5 0.04 2 5
m S pe c ifi c lo ss ra te h−1 0.01 0.01
1/Y N u trient c o ntent o f phyto pla nk to n mmo l nu trient c e ll−1 1× 10−9 1× 10−9
² N u trient re cyc ling c o e ffi c ient d imensio nless 0.5 0.5
v B u o ya ncy velo c ity m h−1 −0.004 2 −0.004 2
Rin N u trient c o nc entra tio n a t zb mmo l nu trient m−3 2 6.0 3 6.0
h S e d iment-wa te r c o lu mn permea b ility m−1 0.01 0.01
Table 2.1: Parameters used in the model. The values of the biological and envi-
ronmental parameters are those typical of picophytoplankton and summer period in
Mediterranean Sea, respectively.
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was satisfied only for some values assigned to two parameters: incident light inten-
sity and nutrient concentration at seabed. In particular, large values of Iin (incident
light intensity at the water surface) led to stationary conditions characterized by
DCM, while large values of Rin (nutrient concentration in the sediment) determined
an upper chlorophyll maximum (UCM). Finally, for intermediate values of Iin and
Rin the chlorophyll maximum could be localized close to the surface or at different
depths, depending on the values of the other parameters [18]. In this work, the
stationary solution is characterized by DCM which is localized in deeper layers, in
agreement with experimental data collected during the summer period.
2.1.3 Results of the deterministic model
The time evolution of the system is studied by analyzing the spatio-temporal dynam-
ics of biomass and nutrient concentrations. Using a numerical method, implemented
by a program in C++ language and based on an explicit finite difference scheme,
equations (2.4)-(2.8) are solved. In particular, we used a centered-in-space differ-
encing for the diffusion term and a forward differencing for the advection term.
The increment of the spatial variable is set at 0.5 m, while the size of the time
step is chosen, for fixed values of vertical turbulent diffusion and sinking veloc-
ity, such as to respect the von Neumann’s stability conditions for both differencing
terms [95, 96, 97]. For linear systems with constant coefficient, the theorem of Lax
establishes the equivalence of stability and convergence provided that the follow-
ing conditions apply: the initial-value problem must be well posed, in the sense of
Hadamard; the finite difference equation must be consistent with the partial dif-
ference equation; the stability must be defined in L2 norm. All these conditions
are satisfied for the linear part of our differential equations [95, 97]. Moreover, the
results arising from linear theory are used in general as guidelines to non-linear prob-
lems [95]. Specifically, previous works have shown that the contribute of non-linear
growth term can be omitted in the stability analysis [98, 99, 100]. Therefore, we can
consider guaranteed the convergence of the finite difference equations in this study.
In order to obtain the steady spatial distribution, the equations were integrated
numerically over a time interval long enough to observe the stationary solution. In
particular, the numerical results were obtained using a maximum simulation time
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tmax = 10
5 h. Simulations (see Fig. 2.2) performed within the deterministic ap-
proach show that the stationary regime is reached at t ≈ 3 · 104 h. This indicates
that, to reach the steady state, it is sufficient to solve the equations of our model
with a maximum time tmax = 4 · 10
4 h.
As initial conditions we consider that the phytoplankton biomass is concentrated
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Figure 2.2: Contour map for phytoplankton biomass (left panel) and nutrient con-
centration (right panel) as a function of depth and time for CTD collected in site
L1129b. The values of the parameters are those of table 2.1.
in the layer where the maximum of the experimental chlorophyll distribution is ob-
served. On the other side, the nutrient concentration is approximately constant
from the water surface to the DCM, and increases linearly below this point up to
the seabed.
By solving Eqs. (2.4)-(2.8), we get the stationary profiles, both for biomass con-
centration and light intensity, shown in Fig. 2.3. Here, it is possible to note the
presence of a biomass peak as found in the experimental data, and the typical ex-
ponential behaviour of the light intensity. To compare the theoretical results with
the experimental data, we exploit the curve of Fig. 1.3 to convert the cell concentra-
tions, obtained from the model and expressed in cell/m3, into chl a concentrations
expressed in µg/l. It is worth to recall that about 43% of the total quantity of
chl a [17, 67] is due to nano- and micro-phytoplankton (20% of the total chl a on
average), and Synechococcus (23% of the total chl a on average), quite uniformly
distributed along the water column. Since our model accounts for the dynamics of
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Figure 2.3: Stationary distributions of the biomass concentration and light intensity
in sites L1129b (panels a, b) and L1105 (panels c, d) as a function of depth.
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picoeukaryotes, to compare the numerical results with the experimental data, we
consider the 43% of the total biomass and divide it by depth, obtaining for each
site the value ∆bchl a, which represents a constant concentration due to other phy-
toplankton species present in the water column. Finally along the water column we
add the theoretical concentration with ∆bchl a and obtain, for the distributions of
chl a concentration, the stationary theoretical profiles consistent with those of the
experimental data. The results are shown in Fig. 2.4. Here it is possible to observe
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Figure 2.4: Stationary distribution of the chlorophyll a concentration as a function
of depth calculated (red line) by the deterministic model and measured (green line)
in sites (a) L1129b and (b) L1105.
that in both sites the deep chlorophyll maxima obtained from the model are located
at the same depth of those observed experimentally. However, the shape of the the-
oretical chl a distributions is quite different from the experimental profiles. Finally,
we note that in site L1105 the magnitude of the theoretical DCM is significantly
different from that observed in real data.
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2.2 Stochastic approach
In the previous section, it has been used a deterministic model to fit the ex-
perimental distributions of chl a concentration. The results obtained reproduce
partially the characteristics of the experimental profiles. In order to get a good
agreement between real data and theoretical results, we recall that the sea is a
complex system. This implies the presence of non-linear interactions among its
parts [51, 101, 102, 103, 104, 105] and a continuous interaction between the ecosys-
tem and environment. In particular, the system dynamics is affected not only by
deterministic forces but also random perturbations coming from the environment.
In this context environmental variables, due to their random fluctuations, can act
as noise sources, causing phytoplankton to be subject to a stochastic dynamics.
Therefore, in order to perform an analysis that takes account for real conditions of
the ecosystem, it is necessary to modify the deterministic model, including the noise
effects.
2.2.1 Description of the model
In previous works it has been observed that the fluctuations of temperature, food
resources, and other environmental parameters can be modeled by including multi-
plicative noise sources [47, 48, 51, 106], that can effectively reproduce experimental
data in population dynamics [107, 108, 109].
The same arguments hold for nutrients, whose random fluctuations should be mod-
eled by terms of multiplicative noise, according to the approach widely used to
describe stochastic dynamics not only in physics, but also in biology, ecology, econ-
omy, or social sciences [108]. This agrees with the observation that the effects of
fluctuations have to be proportional to the activity densities [110, 111, 112, 113, 114],
which are in our system the biomass and nutrient concentrations.
In marine ecosystems, the multiplicative noise, used in population dynamics and
reaction-diffusion problems [107, 115, 116, 117], describes changes mainly generated
by two sources of fluctuations: i) vertical mixing along the water column due to
the random variations of the velocity field, ii) gain or loss of biomass and nutrient
concentrations among different water columns due to random horizontal movement.
These noise sources are responsible for the real behaviour of the ecosystem, charac-
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terized by an intrinsically non-deterministic dynamics.
Therefore, in order to reproduce the dynamics of the picoeukaryotes group and nu-
trient concentration, taking into account the role of the environmental fluctuations,
we modify the model given by Eqs. (2.4)-(2.8), including terms of multiplicative
noise. In the following we analyze two different situations.
Case 1. The environmental noise affects only the biomass concentration. There-
fore, Eqs. (2.4)-(2.8) are maintained unaltered, while Eq. (2.4) becomes
∂b
∂t
= gb−mb+Db
∂2b
∂z2
− v
∂b
∂z
+ b ξb(z, t) (2.9)
Case 2. The environmental noise affects only the nutrient concentration. In this
case, Eqs. (2.4),(2.5),(2.7),(2.8) are maintained unaltered, while Eq. (2.6) is replaced
by
∂R
∂t
= [mε− g]
b
Y
+DR
∂2R
∂z2
+RξR(z, t). (2.10)
In Eqs. (2.9) and (2.10), ξb(z, t) and ξR(z, t) are statically independent white Gaus-
sian noises with the usual properties 〈ξb(z, t)〉 = 0, 〈ξR(z, t)〉 = 0, 〈ξb(z, t)ξb(z
′, t′)〉 =
σbδ(z− z
′)δ(t− t′), 〈ξR(z, t)ξR(z
′, t′)〉 = σRδ(z− z
′)δ(t− t′), where σb and σR are the
noise intensities. We note that the two noise sources are spatially uncorrelated, that
is at the generic point z no effects is present due to random fluctuations occurring
in z′ 6= z.
2.2.2 Simulation setting
In order to reproduce the chlorophyll spatial distributions obtained from the exper-
imental data, we choose for the environmental and biological parameters the same
values used in the deterministic model.
Afterwards the stochastic dynamics is analyzed, solving the equations of the modi-
fied model, where multiplicative noise terms has been inserted, and averaging over
several realizations. It is worth noting that the ecosystem is characterized by non-
linear interactions among its parts. Because of this feature the response of the
system to external solicitations is also non-linear. Therefore, one can not expect
that the presence of a symmetric noise with zero mean, i.e. Gaussian noise used in
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the model, produces in average the same effect as a deterministic dynamics [118]. On
the other side, the use of a random function, i.e. noise source, to simulate the spatio-
temporal behaviour of the system, makes the single realization unpredictable and
unique, and therefore non-representative of the real dynamics. As a consequence,
one possible choice to describe correctly the time evolution of the system is to calcu-
late the average of several realizations. This procedure, indeed, allows to take into
account different ”trajectories” obtained by the integration of the stochastic equa-
tions, without focusing on a specific realization [51]. Therefore, in our simulations,
we fixed a number of realizations such as to obtain phytoplankton distributions in
agreement with experimental data and without ”spikes” of biomass concentration.
2.2.3 Results of the stochastic model
In this sub-section we solve numerically, within the Ito scheme, the equations of
the stochastic model for different values of the noise intensities. About the nu-
merical integration, it is worth to recall that the calculus of stochastic differential
equations with terms of white noise can be based on different definitions, i.e. Ito
and Stratonovich schemes. This situation has led to a long controversy in physical
literature. In particular, the Stratonovich’s choice is the only definition of stochas-
tic integral leading to a calculus with classic rules within the context of functional
analysis. Moreover, a principle of invariance of the equation under ”coordinate
transformation” is invoked to pick the Stratonovich integral as the ”right” one and
reject the Ito integral as the ”wrong” one. The principle refers to an invariance of the
form of the stochastic differential equation under a non-linear transformation of the
system. This invariance does not posses any physical virtue, but it is only a different
way to say that the Stratonovich calculus obeys the familiar classic rules [119]. The
only quantities that have to be invariant under a coordinate transformation are the
probabilities. This condition is of course guaranteed in both calculi [119, 120]. On
this basis we conclude that the specific problem can be treated by performing the
integration of the stochastic differential equations within the Ito scheme.
In particular we obtain, for different values of the noise intensities, the concentration
profiles averaged over 1000 realizations [51, 118]. The presence of noise sources does
not determine significant variations in the time necessary to reach the steady state.
Therefore, in according to the discussion of sub-section 2.1.3, the solutions are cal-
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culated for a maximum simulation time tmax = 4 · 10
4 h, while initial conditions are
the same of the deterministic model.
The numerical results for case 1 are shown in Figs. 2.5 and 2.6. Here we note
that, in both sites, for higher noise intensities the peaks of the two average chl a
distributions show: (i) a decrease of their magnitude; (ii) a small displacement along
the water column. For suitable values of the noise intensity the peaks of the aver-
age chl a distributions obtained from the model match very well the experimental
data. We observe also that the two DCMs are located at 90 m (site L1129b) and
106 m (site L1105) of depth (in Figs. 2.5d and 2.6d are compared theoretical (red
line) and experimental (green line) profiles). A quantitative comparison of each
theoretical chl a distribution (red line) with the corresponding experimental one
(green line) was carried out by performing χ2 goodness-of-fit test. The results are
shown in Tables 2.2, where χ˜2 indicates the reduced chi-square. Results of the χ2
test show that the smallest difference between theoretical and experimental chl a
distributions is obtained for σb = 0.22 in site L1129b and σb = 0.15 in site L1105.
Finally, it is possible to note that the depths of the DCMs are almost the same as
in the deterministic case.
In order to better analyze this aspect, we study for both sites the behaviour of the
magnitude, depth, and width of the DCM as a function of σb. The results, shown
in Fig. 2.7, indicate that the depth of the DCM is almost constant for σb ≤ 0.4,
while it increases for higher values of the noise intensity (see panels b, e of Fig. 2.7).
Conversely, the width of the DCM is characterized by a non-monotonic behaviour
for increasing noise intensities. In particular, we note that the width of the DCM
exhibits a maximum in both sites (for σb ≤ 0.4 in site L1129b and σb ≤ 0.3 in site
L1105). For higher noise intensities the width tends to zero for site L1129b, while
a minimum is present for site L1105 at σb ≤ 0.5. However, for σb > 0.4, the values
of the DCM width are less significant, since the chl a concentration along the water
column and in particular in the DCM decreases strongly, as can be checked in panels
a, d. In particular, random fluctuations, cause the reduction of biomass concentra-
tion and its displacement along the water column, determining the extinction of the
picophytoplankton in the presence of higher intensities of noise. In this condition
a clear determination of the DCM becomes more difficult. As a consequence, the
values of depth and width for the DCM are less reliable. This analysis shows that
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Figure 2.5: Average chl a concentration calculated (red line) for different values of σb
by the stochastic model (case 1, see Eqs. (2.5), (2.6), (2.7), (2.8), (2.9)) as a function
of depth. Results are compared with chl a distributions measured (green line) in
site L1129b. The theoretical values were obtained averaging over 1000 numerical
realizations. The values of the parameters are those shown in Table 2.1. The noise
intensities are: (a) σb = 0 (deterministic case), (b) σb = 0.10, (c) σb = 0.20, (d)
σb = 0.22, (e) σb = 0.25 and (f) σb = 0.30.
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Figure 2.6: Average chl a concentration calculated (red line) for different values of σb
by the stochastic model (case 1, see Eqs. (2.5), (2.6), (2.7), (2.8), (2.9)) as a function
of depth. Results are compared with chl a distributions measured (green line) in
site L1105. The theoretical values were obtained averaging over 1000 numerical
realizations. The values of the parameters are those shown in Table 2.1. The noise
intensities are: (a) σb = 0 (deterministic case), (b) σb = 0.05, (c) σb = 0.10, (d)
σb = 0.15, (e) σb = 0.20 and (f) σb = 0.30.
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Site L 1 1 2 9 b
Rin σb χ
2 χ˜2
2 6 0.00 4.43 0.02 5 3
2 6 0.1 0 3.7 9 0.02 1 6
2 6 0.2 0 3.45 0.01 9 7
2 6 0.2 2 3.44 0.01 9 6
2 6 0.2 5 3.46 0.01 9 8
2 6 0.30 3.6 0 0.02 06
Site L 1 1 0 5
Rin σb χ
2 χ˜2
3 6 0.00 2 2 .8 7 0.04 07
3 6 0.05 2 2 .7 2 0.04 04
3 6 0.1 0 2 2 .5 5 0.04 01
3 6 0.1 5 2 2 .5 0 0.04 00
3 6 0.2 0 2 2 .9 5 0.04 08
3 6 0.3 0 2 7 .1 4 0.04 8 3
Table 2.2: Results of χ2, reduced chi-square (χ˜2) goodness-of-fit test for site L1129b
(left panel) and site L1105 (right panel) for different values of σb (stochastic dynamics
- case 1). The number of samples along the water column is n = 176 for site L1129b
and n = 563 for site L1105.
the stationary conditions of the system depends strongly on the environmental fluc-
tuations, which play a critical role in determining the best life conditions for the
picophytoplankton species.
The analysis of the stochastic dynamics is completed by considering the noise
source which affects directly the nutrient concentration (case 2). By numerically
solving the corresponding equations of the motion (see Eqs. (2.4),(2.5),(2.7),(2.8),(2.10))
and averaging over 1000 realizations, we obtain the average chl a distributions shown
in Figs. 2.8 and 2.9. The results show that also for low noise intensities (σR between
0.001 and 0.005), a decrease and a deeper localization of the DCMs are present.
The shape of the chl a peaks exhibits, for both sites, a better agreement with the
corresponding experimental DCMs respect to the deterministic case. In particular,
for site L1129b the best value of the χ2 test is obtained for σR = 0.0020, while for
site L1105 the best fitting results for σR = 0.0015 (see Table 2.3). It is worth
noting that in site L1129b the best agreement between experimental and numerical
distributions is obtained, both in case 1 and case 2, for values of the noise intensity,
σb and σR, higher than those of site L1105. This can be explained by the fact that
in site L1129b the DCM is localized at a depth shallower than in site L1105 (88
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Figure 2.7: Magnitude, depth, and width of the DCM as a function of σb obtained
from the model for site L1129b (panels a, b, c) and site L1105 (panels d, e, f).
Site L 1 1 2 9 b
Rin σR χ
2 χ˜2
2 6 0.0000 4.43 0.02 5 3
2 6 0.001 0 3.1 8 0.01 8 2
2 6 0.001 5 3.03 0.01 7 3
2 6 0.002 0 3.01 0.01 7 2
2 6 0.002 5 3.04 0.01 7 4
2 6 0.005 0 3.5 7 0.02 04
Site L 1 1 0 5
Rin σR χ
2 χ˜2
3 6 0.0000 2 2 .8 7 0.04 07
3 6 0.001 0 1 7 .9 8 0.03 2 0
3 6 0.001 5 1 7 .8 6 0.03 1 8
3 6 0.002 0 1 8 .3 5 0.03 2 7
3 6 0.002 5 1 9 .1 8 0.03 4 1
3 6 0.005 0 2 5 .4 7 0.04 5 3
Table 2.3: Results of χ2, reduced chi-square (χ˜2) goodness-of-fit test for site L1129b
(left panel) and site L1105 (right panel) for different values of σR (stochastic dy-
namics - case 2). The number of samples along the water column is n = 176 for site
L1129b and n = 563 for site L1105.
m vs. 111 m), causing the environmental variables to be subject to more intense
random fluctuations due to the closer sea surface. As a consequence, the chl a peak
in site L1129b (88 m) is more strongly affected by the environmental noise than in
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Figure 2.8: Average chl a concentration calculated (red line) for different values of
σR by the stochastic model (case 2, see Eqs. (2.4), (2.5), (2.7), (2.8), (2.10)) as a
function of depth. Results are compared with chl a distributions measured (green
line) in site L1129b. The theoretical values were obtained averaging over 1000
numerical realizations. The values of the parameters are those shown in Table 2.1.
The noise intensities are: (a) σR = 0 (deterministic case), (b) σR = 0.0010, (c)
σR = 0.0015, (d) σR = 0.0020, (e) σR = 0.0025 and (f) σR = 0.0050.
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Figure 2.9: Average chl a concentration calculated (red line) for different values
of σR by the stochastic model (case 2, see Eqs. (2.4), (2.5), (2.7), (2.8), (2.10))
as a function of depth. Results are compared with chl a distributions measured
(green line) in site L1105. The theoretical values were obtained averaging over 1000
numerical realizations. The values of the parameters are those shown in Table 2.1.
The noise intensities are: (a) σR = 0 (deterministic case), (b) σR = 0.0010, (c)
σR = 0.0015, (d) σR = 0.0020, (e) σR = 0.0025 and (f) σR = 0.0050.
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site L1105 (111 m).
To better understand the dependence of the biomass concentration on the random
fluctuations of the nutrient, according to the procedure followed for case 1, we study
for both sites the behaviour of the depth, width, and magnitude of the DCM as a
function of σR. The results, shown in Fig. 2.10, indicate that the depth of the DCM
Figure 2.10: Theoretical values of the magnitude, depth, and width of the DCM as
a function of σR obtained from the model for site L1129b (panels a, b, c) and site
L1105 (panels d, e, f). The values shown have been calculated at the steady state.
slightly increases in both sites as a function of the noise intensity (see panels b, e of
Fig. 2.10). We note also that a decrease of the chl a concentration is observed in the
DCMs of the two sites. This decrease is more rapid in site L1105 (panel d), where
a chl a concentration ∼ 0.025 is reached for σR ∼ 0.01. Analogously we observe an
increase, faster in site L1105, of the width of the DCM. The spread of DCM and
reduction of its magnitude are strictly connected with each other. In fact, the de-
crease of chl a concentration determines a flattening of the DCM with a consequent
increase of its width. In conclusion the results shown in Fig. 2.10 indicate that the
phytoplankton biomass tends to disappear for σR ∼ 0.01, a value lower than those
used in case 1, where no extinction occurs up to σb ∼ 0.7 (see panels a, d of Fig. 2.7).
This indicates that the stability of the nutrient concentration is a critical factor in
the dynamics of the ecosystem. Indeed, random fluctuations of the nutrient concen-
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tration can produce dramatic effects such as the collapse of phytoplankton biomass
considered in the model studied.
The previous analysis indicates that stochastic model is able to reproduce the
phytoplankton distributions observed in real data, without the model taking into
account explicitly the environmental variables, such as temperature, salinity and
velocities field. However, we observe that, in case 2, the spatio-temporal dynamics
of the nutrients has been modeled by introducing noise sources, which can be inter-
preted as the effect of random fluctuations of environmental variables, among which
salinity, temperature, and food resources, i.e. phosphorus concentration.
Chapter 3
Models for population dynamics of
two picophytoplankton groups
In this chapter, we introduce an advection-reaction-diffusion model to simulate
the spatio-temporal behaviuor of two picophytoplankton groups in the Strait of
Sicily. Following the same procedure as in chapter 2, the population dynamics of pi-
coeukaryotes and Prochlorococcus is analyzed by using mathematical models based
on two different approaches, i.e. deterministic and stochastic.
In the first part of the chapter, we use a deterministic model to obtain the distri-
butions of biomass concentration for picoeukariotes and Prochlorococcus along the
weakly mixed water column. The numerical results obtained are compared with the
experimental data.
In the second section of the chapter, the random fluctuations of the environmen-
tal variables are taken into account by inserting terms of multiplicative Gaussian
noise into the differential equations of the model. As a first step, a term of multiplica-
tive noise is added only in the differential equation for the nutrient concentration.
Afterwards, terms of multiplicative noise are inserted also into the equations for
the biomass concentrations of picoeukariotes and Prochlorococcus. By this way, the
effects of the environmental noise on picophytoplankton distributions are analyzed.
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3.1 Deterministic approach
In this section, the spatio-temporal behaviour of the two picophytoplankton groups is
analyzed by using a deterministic approach. In particular, the analysis is performed
by taking in account the intraspecific competition of both picophytoplankton groups
for light and nutrients in deep chlorophyll maximum. The mathematical tool used
to simulate the picophytoplankton dynamics is a model based on a system with
three differential equations and an auxiliary equation. By solving this system, we
obtain the vertical distributions of picophytoplankton groups as a function of the
depth. In Fig. 3.1 we give a schematic representation of the mechanism underlying
the phytoplankton dynamics.
Figure 3.1: Scheme of the mechanism responsible for the phytoplankton dynam-
ics (modified from original figure by Alexey Ryabov). Inset: (a) Prochlorococcus
PCC 9511 (courtesy of Rippka et al., 2000 (Ref. [121])), (b) Micromonas NOUM17
(courtesy of Augustin Engman, Rory Welsh, and Alexandra Worden).
3.1.1 Description of the model
In this paragraph, we consider a deterministic advection-reaction-diffusion model
[13, 15, 16, 17, 18] to analyze the dynamics of the two picophytoplanktonic groups,
distributed along the same one-dimensional spatial domain (z-direction) used in the
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one-population analysis performed in the previous chapter. In particular, we assume
that the interaction of these two populations with the environment occurs through
the same two factors that limit the growth of the aquatic microorganisms: light
intensity and nutrient, i.e. phosphorus. The model allows to obtain the dynamics
of the biomass concentrations of picoeukaryotes and Prochlorococcus, b1(z, t) and
b2(z, t), nutrient concentration R(z, t) and light intensity I(z, t). Also in this case, a
crucial role in the phytoplankton dynamics is played by growth and loss of biomass
concentration, movement of the single microorganisms, and the growth rates of the
two picophytoplankton groups. These are strictly connected with I and R, whose
characteristics of limiting factors [16, 24, 28, 91] are implemented in the model by
the Monod kinetics [92]. Specifically, the gross phytoplankton growth rates per
capita are given by min{fIi(I), fRi(R)}, where fIi(I) and fRi(R) are obtained by
the Michaelis-Menten formulas
fIi(I) = riI/(I +KIi), (3.1)
fRi(R) = riR/(R +KRi). (3.2)
where ri is the maximum growth rate, and KIi and KRi are the half-saturation
constants for light intensity and nutrient concentration, respectively, of the i-th pi-
cophytoplankton group. These constants depend on the metabolism of the specific
microorganisms considered. In particular, KRi and KIi contribute to determine the
position along the water column (depth) of the maximum (peak) of biomass con-
centration for each species. The biomass loss of the i-th picophytoplankton group,
connected with respiration, death, and grazing, occurs at a rate mi [16, 17, 18]. The
gross per capita growth rates are defined as
gi(z, t) = min(fRi(R(z, t)), fIi(I(z, t))). (3.3)
The movement of phytoplankton groups depends on turbulence, responsible for a
passive movement of the phytoplankton. Turbulence is modeled by vertical diffu-
sion coefficient D, which we assume uniform with the depth in both sites. Sinking
velocities of the two picophytoplankton groups, v1 and v2, describe another pas-
sive movement of picoeukaryotes and Prochlorococcus along water column towards
deeper layers [7, 16, 69]. Positive velocities are oriented downward (sinking) for both
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groups, and are set equal to those observed in experimental data [17, 18].
Taken together, these assumptions about growth, loss, and movement result in the
following differential equations for the dynamics of the biomass concentrations of
picoeukaryotes b1(z, t) and Prochlorococcus b2(z, t) [7, 17, 18]
∂b1(z, t)
∂t
= b1min(fI1(I), fR1(R))−m1b1 +D
∂2b1(z, t)
∂z2
− v1
∂b1(z, t)
∂z
(3.4)
∂b2(z, t)
∂t
= b2min(fI2(I), fR2(R))−m2b2 +D
∂2b2(z, t)
∂z2
− v2
∂b2(z, t)
∂z
. (3.5)
Boundary conditions for concentrations of picoeukaryotes and Prochlorococcus biomass
describe no-flux in both surface layer z = 0 and seabed z = zb:[
D
∂bi
∂z
− vibi
]∣∣∣∣∣
z=0
=
[
D
∂bi
∂z
− vibi
]∣∣∣∣∣
z=zb
= 0. (3.6)
The nutrient concentration R(z, t) is consumed by both the picophytoplankton
groups, and a further quantity of nutrient is obtained from dead phytoplankton
by a recycling process. Furthermore, turbulence is also responsible for mixing of the
nutrient concentration along the water column and it is described by the vertical
diffusion coefficient D. All these processes are modeled by the following equation
∂R(z, t)
∂t
= −
∑ bi(z, t)
Yi
·min(fIi(I), fRi(R)) +D
∂2R(z, t)
∂z2
+
∑
εimi
bi(z, t)
Yi
(3.7)
where εi and 1/Yi are nutrient recycling coefficient and nutrient content of the i-th
picophytoplankton group, respectively.
Nutrients do not come from the top of the water column but are supplied from the
bottom. In particular, nutrient concentration at the bottom of the water column,
R(zb), is fixed at the value Rin, which is different in the two sites investigated. Thus
the boundary conditions are described by the following equations:
∂R
∂z
∣∣∣∣∣
z=0
= 0, R(zb) = Rin. (3.8)
The light intensity is assumed to decrease exponentially according to Lamber-Beer’s
law [19, 35, 93]
I(z) = Iin exp
{
−
∫ z
0
[∑
aibi(Z) + abg
]
dZ
}
(3.9)
where ai are the absorption coefficients of the i-th picophytoplankton group, abg is
the background turbidity, and Iin is the incident light intensity at the water surface.
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3.1.2 Simulation setting
In this paragraph, we describe the procedure to set the values of the environmental
and biological parameters used in the model to simulate the experimental distri-
butions of the total concentration of chl a and Dvchl a (see Fig. 1.4). As in the
one-species model, the parameters have been fixed in order to obtain the monosta-
bility condition, which corresponds in this case to the presence of a DCM for both
picophytoplankton groups [13, 16, 17, 18, 29]. This choice is in agreement with
experimental findings, which show as these groups coexist in the same layers of the
water column, even if the maximum concentration for each group is localized at a
different depth [19]. The numerical values assigned to the parameters are shown in
Table 3.1.
The values of the biological parameters have been chosen to reproduce the
behaviour of picoeukaryotes and Prochlorococcus. In particular, for both groups,
the maximum specific growth rates are in agreement with ones measured from other
authors [67, 68, 94], and the sinking velocity is set to the value used by Huis-
man et al. for picophytoplankton, v = 0.1 m day−1 [17, 122]. The half-saturation
constants, KRi and KIi , for the two groups are set to obtain a suitable position
of production layers and a certain depth for the position of the peak of biomass
concentration. Since picoeukariotes consist of picophytoplankton species that are
better adapted to lower light intensity than Prochlorococcus, we fix KI1 < KI2 .
Viceversa, since Prochlorococcus is better adapted to lower nutrient concentration
than picoeukariotes group, we set KR2 < KR1 . As a consequence, the peak of pi-
coeukaryotes concentration along the water column tends to be deeper than the peak
of Prochlorococcus concentration. It is worth noting that the nutrient content of the
picoeukaryotes, 1/Y1, is set to different values in the two sites investigated in this
work. This choice can be explained recalling that, in the Mediterranean Sea, the pi-
coeukaryotes group located in the DCM includes several species. As a consequence,
depending of the marine site analyzed, different ecotypes of this group prevail and
nutrient content changes accordingly [20, 123]. Viceversa, the nutrient content of
picoprokaryotes (1/Y2) is set equal in both sites because Prochlorococcus is the
only species of its group present in the DCM. We recall that the parameters 1/Y1
and 1/Y2 contribute to determine the steady distributions of the picophytoplankton
concentrations. Experimental findings indicate that (i) the peak of biomass con-
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Symbo l Inte rp re ta tio n U nits S ite L 1129 b S ite L 1105
Iin Incid ent lig ht intensity µmo l p ho to ns m
−2 s−1 1404.44 138 3.19
abg B a ck g ro u nd tu rb id ity m
−1 0.045 0.045
a1 A b so rp tio n co e ffi cient o f p ico e u k a ryo tes m
2 ce ll−1 6× 10−10 3.3× 10−10
a2 A b so rp tio n co e ffi cient o f P ro chlo ro co ccu s m
2 ce ll−1 2.4× 10−15 2.4× 10−15
zb D e p th o f the wa te r co lu mn m 18 6 57 5
D Vertica l tu rb u lent d iff u sivity cm2 s−1 1.0 3.0
r1 M a x imu m sp ecifi c g rowth ra te o f p ico e u k a ryo tes h
−1 0.08 0.08
r2 M a x imu m sp ecifi c g rowth ra te o f P ro chlo ro co ccu s h
−1 0.07 0.07
KI1 H a lf-sa tu ra tio n co nsta nt o f lig ht-limite d g rowth o f p ico e u k a ryo tes µmo l p ho to ns m
−2 s−1 20 20
KR1 H a lf-sa tu ra tio n co nsta nt o f nu trient-limite d g rowth o f p ico e u k a ryo tes mmo l nu trient m
−3 0.0425 0.0425
KI2 H a lf-sa tu ra tio n co nsta nt o f lig ht-limite d g rowth o f P ro chlo ro co ccu s µmo l p ho to ns m
−2 s−1 9 8 9 8
KR2 H a lf-sa tu ra tio n co nsta nt o f nu trient-limite d g rowth o f P ro chlo ro co ccu s mmo l nu trient m
−3 0.0150 0.0150
m1 S p ecifi c lo ss ra te o f p ico e u k a ryo tes h
−1 0.01 0.01
m2 S p ecifi c lo ss ra te o f P ro chlo ro co ccu s h
−1 0.01 0.01
1/Y1 N u trient co ntent o f p ico e u k a ryo tes mmo l nu trient ce ll
−1 1× 10−9 0.6× 10−9
1/Y2 N u trient co ntent o f P ro chlo ro co ccu s mmo l nu trient ce ll
−1 4× 10−15 4× 10−15
²1 N u trient recycling co e ffi cient o f p ico e u k a ryo tes d imensio nless 0.5 0.5
²2 N u trient recycling co e ffi cient o f P ro chlo ro co ccu s d imensio nless 0.5 0.5
v1 S ink ing ve lo city o f p ico e u k a ryo tes m h
−1 0.0042 0.0042
v2 S ink ing ve lo city o f P ro chlo ro co ccu s m h
−1 0.0042 0.0042
Rin N u trient co ncentra tio n a t zb mmo l nu trient m
−3 5.0 6.0
Table 3.1: Parameters used in the model. The values of the biological and environ-
mental parameters are those typical of two picophytoplankton groups and summer
period in Mediterranean Sea, respectively.
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centration of Prochlorococcus is shallower than that of picoeukaryotes and (ii) the
cell concentration of Prochlorococcus is much higher than that of picoeukaryotes.
In these conditions a smaller amount of nutrient is available for Prochlorococcus
localized in the biomass peak. Therefore, in order to obtain for the two picophyto-
plankton groups, the correct cell concentrations as found in field observations, 1/Y2
is set at a value much smaller than 1/Y1 (see Table 3.1). The absorption coefficient
of Prochlorococcus, fixed in our model, is very different from that of the picoeukary-
otes. In fact, due to the low nutrient concentration in the higher layers and different
average cell concentration of the two groups (0.6× 103 cells ml−1 for picoeukariotes
and 5.2×104 cells ml−1 for Prochlorococcus), we had to exploit an absorption coeffi-
cient for Prochlorococcus lower than that used for picoeukaryotes. In particular, in
order to obtain the same gradient of light intensity inside the production layers [7],
we set a2 = 2.4 × 10
−15m2 cell−1. All the other biological parameters are the same
in both sites in agreement with ones used from other authors [17, 18].
As done for the one-population model (see chapter 2), the values of the environ-
mental parameters have been chosen to reproduce marine ecosystem of the Sicily
Channel in summer, i.e. oligotrophic water and high light intensity. The water
column depths used in the model are fixed according to those measured in the cor-
responding marine sites. The diffusion coefficients are set at typical values of weakly
mixed water (D = 1.0 cm2 s−1 for site L1129b and D = 3.0 cm2 s−1 for site L1105).
This choice is due to the fact that the site L1129b is placed on the Libyan conti-
nental shelf, not far from the coast, where turbulence is low. Conversely, the site
L1105 is located in the middle of Sicily Channel, where vertical diffusion coefficient
is greater respect to the Libyan coast because the flows of the Modified Atlantic Wa-
ter (MAW) and Levantine Intermediate Water (LIW) are responsible for a bigger
turbulence. Moreover, in both sites we set the light intensity at the water surface,
Iin, at values larger than 1300 µmol photons m
−2 s−1. This is due to the fact that
the sampling of the experimental data occurred during summer (August 2006), when
the light intensity achieves maximum values in Mediterranean Sea. In particular,
the light intensities used in this study were fixed using data available on the NASA
web site1. Finally, nutrient concentrations at depth zb were fixed at values such as
to obtain, for each site, a peak of biomass concentration at the same position of the
1http://eosweb.larc.nasa.gov/sse/RETScreen/
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peak experimentally observed.
A preliminary analysis (results here not shown) indicated that large values of
Iin lead to stationary conditions characterized by the presence of a DCM, where
two species can coexist, while large values of Rin (nutrient concentration close to
seabed) determine an upper chlorophyll maximum (UCM) [18], where picoeukary-
otes prevail and Prochlorococcus undergoes a strong reduction. In particular, for
fixed values of Iin and D, an increase of Rin generates a displacement of picoeukary-
otes towards higher layers, where the production layer of Prochlorococcus is located.
As a consequence of light limitation, Prochlorococcus moves upward in the direction
of surface layers of the water column. If Rin is very high, we can observe an upper
chlorophyll maximum (UCM) due to the picoeukaryotes group and the disappear-
ance of Prochlorococcus. These results are in agreement with those shown in Ref. [7].
3.1.3 Results of the deterministic model
In order to obtain the theoretical distributions of biomass concentrations for the two
picophytoplankton populations, we solved numerically Eqs. (3.4)-(4.9). According
to the procedure followed in the previous chapter for the one-population model, the
numerical method, whose computer implementation consists in a C++ program, is
based on an explicit finite difference scheme with centered-in-space differencing for
the diffusion term and forward differencing for the advection term. The increment
of the spatial variable is fixed at 0.5 m, while the size of the time step is chosen,
for fixed values of vertical turbulent diffusion and sinking velocity, such as to obtain
the convergence of the finite difference equations [96, 99, 100], according to the dis-
cussion of paragraph 2.1.3.
As initial conditions, we set that the two picophytoplankton groups are both concen-
trated in the DCM where the maximum of the experimental chlorophyll distribution
is observed. As in the one-population model, the nutrient concentration is approx-
imately constant from the water surface to the DCM, and increases linearly below
this point down to the seabed.
The equation system (3.4)-(4.9) is solved for the maximum simulation time
tmax = 6 · 10
4 h, even if the stationary solution already appears for t ≈ 3 · 104 h(see
Fig. 4.2). Therefore, in order to obtain the stationary distributions for the biomass
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concentrations of picoeukaryotes and Prochlorococcus, and the profile of light inten-
sity, it is sufficient to set tmax = 4 · 10
4 h. The results are shown in Fig. 3.3. We
observe the presence of a picoeukaryotes biomass peak (panels a, d of Fig. 3.3) in
correspondence of the two experimental DCMs (see Fig. 1.4). Moreover, a Prochloro-
coccus biomass peak (panels b, e of Fig. 3.3) is observed close to the two experimental
DCMs (see again Fig. 1.4). Finally the typical exponential behaviour of the light
intensity is found (panels c, f of Fig. 3.3).
We recall that our experimental data are expressed in µg/l (see Fig. 1.4), which
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Figure 3.2: Contour map for picoeukaryotes (left panel) and Prochlorococcus (right
panel) biomass concentration as a function of the depth and time for CTD collected
in site L1129b. The values of the parameters are those of table 3.1.
is the unit of measure used for chl a and Dvchl a concentrations. Therefore, to
compare the numerical results with experimental profiles, the theoretical cell con-
centrations of picoeukaryotes and Prochlorococcus (expressed in cell/m3) have been
converted into chl a and Dvchl a concentrations (expressed in µg/l) by using the
curves of mean vertical profile obtained by Brunet et al. [67, 68]. Since the struc-
ture of the chlorophyll a molecule is almost identical to that of Divinyl chlorophyll
a, we summed their concentrations to get theoretical equilibrium profiles consis-
tent with those obtained from the experimental data. It is important to recall that
in the Sicily Channel nano–phytoplankton, micro-phytoplankton and Synechococcus
account about for 43% of the total quantity of chl a and Dvchl a [67, 68]. This quan-
tity is quite uniformly distributed along the water column. Therefore, following the
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Figure 3.3: Stationary distributions of picoeukaryotes and Prochlorococcus biomass
concentrations and light intensity: site L1129b (panels a, b, c) and site L1105 (panels
d, e, f) as a function of the depth.
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same procedure as for the one-population analysis, we considered this fraction of the
total biomass and divided it by depth, obtaining for each site the value ∆b(Dv)chl a,
which represents a constant concentration along the whole water column, due to
other phytoplankton species present in the marine ecosystem [29]. Then, along the
water column, we added the numerical concentrations with ∆b(Dv)chl a and obtained,
for both sites, the stationary theoretical profiles consistent with the experimental
ones. The results, shown in Fig. 3.4, indicate the presence of a fairly good agreement
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Figure 3.4: Theoretical distributions (red line) of the total chl a and Dvchl a concen-
tration in stationary conditions. The profiles, obtained by the deterministic model
and given as a function of the depth, are compared with experimental distributions
(green line) sampled in sites L1129b (panel a) and L1105 (panel b).
between experimental data (green line) and numerical results (red line). Only in site
L1129b the theoretical distribution of total chl a and Dvchl a is characterized by
a shape which exhibits some differences respect to the experimental profile. More-
over, in site L1105 we note that the magnitude of the theoretical DCM is larger than
that obtained from the real data. Finally, we performed a quantitative comparison
based on the goodness-of-fit test χ2. The results indicate that, respect to the one-
population model (see chapter 2), this description provides in both sites theoretical
results in a better agreement with the experimental findings [29, 37].
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3.2 Stochastic approach
The theoretical model discussed in the previous section is based on a deterministic
approach. However, a study on population dynamics in aquatic ecosystem implies
that external solicitations, coming from the environment, are taken into account. In
fact, it is worth to recall that the marine ecosystems are complex systems, which are
open systems characterized by non-linear interactions [29, 51, 62, 101, 102, 103, 104,
105, 106, 124, 125]. In particular, each picophytoplankton group not only interacts
with all other populations, but is also subject to environmental variables, such as
turbulence and availability of food resources, which affects the ecosystem dynamics
through deterministic and random perturbations. In this context, random variations
of species concentrations [44, 45, 46, 55, 58] are fundamental aspects that can not
be neglected when seeking a better understanding of the dynamics of complex living
systems.
In previous works it has been shown that the effects of random fluctuations have
to be proportional to the activity densities [110, 111, 112, 113, 114], which are in
our system the biomass and nutrient concentrations.
In particular, we recall that problems, which involve absorbing states, are described
by equations whose noise amplitude is proportional to the square root of the space
and time dependent activity density. Such systems include propagating epidemics,
autocatalytic reactions, and reaction-diffusion problems [108]. As a consequence,
according also to the study performed in the one-population case (see chapter 2),
the fluctuations of environmental parameters have been modeled by including mul-
tiplicative noise sources [47, 48, 51, 106] in view of obtaining theoretical results that
better reproduce experimental data.
3.2.1 Description of the model
In this paragraph, a stochastic model is used to study the dynamics of the two
picophytoplankton populations [17, 18] distributed along a one-dimensional spatial
domain (z-direction). As in the previous section, we assume that the interaction
of these microorganisms with the marine environment occurs through the two fac-
tors which limit the growth of the planktonic communities: light intensity (I) and
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nutrient (R), i.e. phosphorus. Moreover, we also take into account random fluc-
tuations and their effect on the phytoplankton dynamics. In particular, we modify
the deterministic model given by Eqs. (3.4)-(4.9), by inserting in the three differ-
ential equations terms of spatially uncorrelated multiplicative noise, distinguishing
the stochastic analysis in two different cases.
Case 1. The environmental noise affects only the nutrient concentration. In this
case, Eqs. (3.4),(3.5),(3.6),(4.8),(4.9) remain unchanged, while Eq. (4.7) is replaced
by
∂R(z, t)
∂t
= −
∑ bi(z, t)
Yi
·min(fIi(I), fRi(R)) +D
∂2R(z, t)
∂z2
+
∑
εimi
bi(z, t)
Yi
+RξR(z, t). (3.10)
Case 2. The environmental noise affects the concentrations of picoeukaryotes
biomass, Prochlorococcus biomass and nutrient. Therefore, Eqs. (3.6),(4.8),(4.9)
remain unaltered, while Eqs. (3.4),(3.5) and (4.7) become
∂b1(z, t)
∂t
= b1min(fI1(I), fR1(R))−m1b1 +D
∂2b1(z, t)
∂z2
− v1
∂b1(z, t)
∂z
+ b1 ξb1(z, t) (3.11)
∂b2(z, t)
∂t
= b2min(fI2(I), fR2(R))−m2b2 +D
∂2b2(z, t)
∂z2
− v2
∂b2(z, t)
∂z
+ b2 ξb2(z, t) (3.12)
∂R(z, t)
∂t
= −
∑ bi(z, t)
Yi
·min(fIi(I), fRi(R)) +D
∂2R(z, t)
∂z2
+
∑
εimi
bi(z, t)
Yi
+RξR(z, t). (3.13)
Here, ξb1(z, t), ξb2(z, t) and ξR(z, t) are statically independent and spatially uncorre-
lated white Gaussian noises with the following properties: 〈ξbi(z, t)〉 = 0, 〈ξR(z, t)〉 =
0, 〈ξbi(z, t)ξbi(z
′, t′)〉 = σbiδ(z − z
′)δ(t− t′), 〈ξR(z, t)ξR(z
′, t′)〉 = σRδ(z − z
′)δ(t− t′),
with i = 1, 2. Here, σbi and σR are the intensities of the noise sources which act on
the i-th picophytoplanktonic group and nutrient, respectively.
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3.2.2 Simulation setting
The inputs of stochastic model are chosen to reproduce the experimental profile
of chl a and DVchl a concentration, collected in the two marine sites studied. In
particular, as in deterministic model, the values of the environmental and biological
parameters are set so that the presence of a deep chlorophyll maximum for both
picophytoplankton groups is guaranteed [17, 18, 42]. Moreover, the values of the
biological parameters have been fixed to simulate the behaviour of picoeukaryotes
and Prochlorococcus. The numerical values assigned to the parameters are shown
in Table 3.1.
Finally, it is worth noting that, in order to describe correctly the time evolution of the
system in the presence of noise sources, the equations of the model are solved taking
in account the average of an enough large amount of numerical realizations [51].
Specifically, preliminary analysis indicated that the theoretical distributions of the
total chlorophyll a and divinyl-chlorophyll a concentration are not affected by the
fluctuations of the single numerical realization, when the mean profiles are calculated
averaging over N ≥ 800 realizations.
3.2.3 Results of the stochastic model
In this section the analysis of the stochastic model is performed by numerically
solving the system equations for different values of the noise intensities. As in the
one-population model, the stochastic differential equations have been solved by us-
ing the Ito scheme, according to the discussion of paragraph 2.2.3. In particular, in
order to obtain phytoplankton distributions statistically meaningful, e.g. without
”spikes” of biomass concentration, the phytoplankton profiles are calculated by av-
eraging over 1000 realizations [51, 118].
Also in this case, we note that the presence of noise sources does not determine
significant changes respect to the deterministic model in the time necessary to reach
the stationary state. Therefore, accordingly to the deterministic analysis, in order to
get the stationary solution, the equations of the stochastic model have been solved
fixing as a maximum time tmax = 4 · 10
4 h. Finally, it is worth recalling that initial
conditions are the same of the deterministic model in all simulations.
Case 1. The average theoretical distributions of the total phytoplankton biomass
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concentration have been obtained in each site and transformed in chl a and Dvchl a
concentration profiles by exploiting the usual conversion curves (see Fig. 1.3). The
numerical results (see Figs. 3.5 and 3.6) show that a decrease and a deeper local-
ization of the DCMs respect to the deterministic case, are present also for low noise
intensities (σR between 0.001 and 0.010).
In order to evaluate the agreement of each theoretical distribution (red line) with
the corresponding experimental one (green line), we use two comparative meth-
ods: χ2 goodness-of-fit test and Kolmogorov-Smirnov (K-S) test. The results are
shown in Tables 3.2, where χ˜2 indicates the reduced chi-square, while D(K − S)
and P (K − S) are the maximum difference between the cumulative distributions
and the corresponding probability for the K-S test, respectively. The quantitative
Site L 1 1 2 9 b
Rin σR χ
2 χ˜2 D (K -S ) P (K -S )
5 0.0000 0.7 4 0.004 2 0.1 1 3 6 0.1 9 3
5 0.001 0 0.6 9 0.003 9 0.1 1 3 6 0.1 9 3
5 0.002 5 0.6 5 0.003 7 0.1 1 3 6 0.1 9 3
5 0.0050 0.6 6 0.003 8 0.1 1 3 6 0.1 9 3
5 0.007 5 0.7 1 0.004 1 0.1 1 3 6 0.1 9 3
5 0.01 00 0.7 8 0.004 5 0.1 1 3 6 0.1 9 3
Site L 1 1 0 5
Rin σR χ
2 χ˜2 D (K -S ) P (K -S )
6 0.0000 0.2 3 0.001 2 0.08 1 2 0.5 1 7
6 0.001 0 0.2 0 0.001 0 0.0660 0.7 7 1
6 0.002 0 0.1 8 0.0009 0.0609 0.8 4 7
6 0.002 5 0.1 8 0.0009 0.0660 0.7 7 1
6 0.005 0 0.1 9 0.001 0 0.07 1 1 0.68 7
6 0.01 00 0.3 2 0.001 6 0.1 066 0.2 01
2: R e su lts of χ2, re d u ce d ch i-sq u a re (χ˜2), K olm og orov-S m irn ov g ood n e ss-of-fi t
Table 3.2: Results of χ2, reduced chi-square (χ˜2), and Kolmogorov-Smirnov
goodness-of-fit tests for site L1129b (left panel) and site L1105 (right panel) for
different values of σR (stochastic dynamics - case 1). D(K-S) and P(K-S) are the
maximum difference between the cumulative distributions and the corresponding
probability for the K-S test, respectively. The number of samples, used for the tests
and distanced of 1 m, is n = 176 for site L1129b, corresponding to consider the
whole water column, and n = 200 for site L1105, corresponding to consider from
the surface the first 200 m of depth.
comparison, based on the χ2 goodness-of-fit test, shows a good agreement between
theoretical and experimental profiles for both sites, better than in the deterministic
case. In particular, the best value of the χ2 test is obtained, in site L1129b, setting
σR = 0.0025 and, in site L1105, using two different values of the noise intensity, i.e.
57
 0
 40
 80
 120
 160
0 0.1 0.2
D
ep
th
 (m
)
Dvchl a + chl a conc.(µg/l)
(a)
σR=0
exper. data
 0
 40
 80
 120
 160
0 0.1 0.2
D
ep
th
 (m
)
Dvchl a + chl a conc.(µg/l)
(b)
σR=0.0010
exper. data
 0
 40
 80
 120
 160
0 0.1 0.2
D
ep
th
 (m
)
Dvchl a + chl a conc.(µg/l)
(c)
σR=0.0025
exper. data
 0
 40
 80
 120
 160
0 0.1 0.2
D
ep
th
 (m
)
Dvchl a + chl a conc.(µg/l)
(d)
σR=0.0050
exper. data
 0
 40
 80
 120
 160
0 0.1 0.2
D
ep
th
 (m
)
Dvchl a + chl a conc.(µg/l)
(e)
σR=0.0075
exper. data
 0
 40
 80
 120
 160
0 0.1 0.2
D
ep
th
 (m
)
Dvchl a + chl a conc.(µg/l)
(f)
σR=0.0100
exper. data
Figure 3.5: Theoretical distributions (red line) of the total chl a and Dvchl a con-
centration (stochastic approach). The profiles were obtained in stationary regime
for different values of σR (case 1 of the stochastic model) as a function of the depth.
The results are compared with the distributions of the total chl a and Dvchl a
concentration measured (green line) in site L1129b. The theoretical values were
obtained averaging over 1000 numerical realizations. The values of the parameters
are those shown in Table 3.1. The noise intensities are: (a) σR = 0 (deterministic
case), (b) σR = 0.0010, (c) σR = 0.0025, (d) σR = 0.0050, (e) σR = 0.0075 and (f)
σR = 0.0100.
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Figure 3.6: Theoretical distributions (red line) of the total chl a and Dvchl a con-
centration (stochastic approach). The profiles were obtained in stationary regime
for different values of σR (case 1 of the stochastic model) as a function of the depth.
The results are compared with the distributions of the total chl a and Dvchl a con-
centration measured (green line) in site L1105. The theoretical values were obtained
averaging over 1000 numerical realizations. The values of the parameters are those
shown in Table 3.1. The noise intensities are: (a) σR = 0 (deterministic case), (b)
σR = 0.0010, (c) σR = 0.0020, (d) σR = 0.0025, (e) σR = 0.0050 and (f) σR = 0.0100.
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σR = 0.0020 and σR = 0.0025. Analyzing the results of the Kolmogorov-Smirnov
test we get, in site L1105, the best agreement between experimental and theoretical
distributions for σR = 0.0020, while in site L1129b the parameters D(K − S) and
P (K − S) remain unchanged as σR varies. Finally, it is possible to note that the
best agreement in site L1105 is obtained for a value of the noise intensity σR lower
than that used in site L1129b as observed in the previous one-population analysis
(see chapter 2). This can be explained by the fact that in site L1105 the DCM
is deeper than in site L1129b (111 m vs. 88 m). As a consequence, in site L1105
the environmental variables, and therefore the peak of total chl a and Dvchl a con-
centration, are subject to less intense random perturbations respect to site L1129b,
which is closer to the water surface.
In order to better understand the dependence of the biomass concentration on the
random fluctuations of the nutrient, we studied for both sites the behaviour of the
depth, width, and magnitude of the DCM as a function of σR. The results, shown
in Fig. 3.7, indicate that the depth of the DCM slightly increases in both sites as
a function of the noise intensity (see panels b, e). We note also that a decrease of
the total concentration of chl a and Dvchl a is observed in the DCMs of the two
sites (see panels a, d). At the same time we observe an increase, slightly faster in
site L1105, of the width of the DCM (see panels c, f). The spread of the DCM and
reduction of its magnitude appear therefore to be strictly connected with each other
(an effect observed also in the one-population model). Results here not reported
indicate that the phytoplankton biomass tends to disappear for σR > 0.01. On this
basis the present analysis confirm the result found in the one-population study: the
nutrient concentration also in this case plays a crucial role in the stability of the
phytoplankton populations. Finally, we note that the presence of noise sources di-
rectly acting on the nutrient concentration could explain, in real ecosystems, events
as the disappearance of the picophytoplankton biomass.
Case 2. According to the procedure followed for case 1, we obtained in both
sites the profiles of the total concentration of chl a and Dvchl a for suitable values
of the noise intensity (σb1 = 0.22, σb2 = 0.08 and σR = 0.0025 for site L1129b;
σb1 = 0.15, σb2 = 0.10 and σR = 0.0020 for site L1105). The results are shown in
Fig. 3.8. In this case, the reduced chi-square test (see Table 3.3) exhibits values
(χ˜2 = 0.0019 for site L1129b and χ˜2 = 0.0008 for site L1105) much lower than the
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Figure 3.7: Theoretical values of the magnitude, depth, and width of the DCM as
a function of σR obtained from the model for site L1129b (panels a, b, c) and site
L1105 (panels d, e, f). The values shown have been calculated at the steady state.
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Figure 3.8: Theoretical distributions (red line) of the total chl a and Dvchl a con-
centration (stochastic approach). The profiles were obtained in stationary regime
for a given set of noise intensities (case 2 of the stochastic model) as a function of the
depth, and are compared with the corresponding experimental distributions (green
line) in sites L1129b (panel a) and L1105 (panel b). The theoretical values were
obtained averaging over 1000 numerical realizations. The values of the parameters
are those shown in Table 3.1. The noise intensities are: (a) σb1 = 0.22, σb2 = 0.08
and σR = 0.0025 for site L1129b; (b) σb1 = 0.15, σb2 = 0.10 and σR = 0.0020 for site
L1105.
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Site Rin σR σb1 σb2 χ
2 χ˜2 D (K -S ) P (K -S )
L1 1 2 9 b 5 0.002 5 0.2 2 0.08 0.3 3 0.001 9 0.1 1 3 6 0.1 9 3
L1 1 05 6 0.002 0 0.1 5 0.1 0 0.1 6 0.0008 0.09 1 4 0.3 67 0
Table 3.3: Results of χ2, reduced chi-square (χ˜2), and Kolmogorov-Smirnov
goodness-of-fit tests for sites L1129b and L1105, at fixed values of σb1 , σb2 and
σR (stochastic dynamics - case 2). D(K-S) and P(K-S) are the maximum difference
between the cumulative distributions and the corresponding probability for the K-S
test, respectively. The number of samples, used for the tests and distanced of 1 m,
is n = 176 for site L1129b, corresponding to consider the whole water column, and
n = 200 for site L1105, corresponding to consider from the surface the first 200 m
of depth.
values previously obtained from the stochastic approach in case 1. Viceversa the
statistical parameters, D(K − S) and P (K − S), of the Kolmogorov-Smirnov test
remain unchanged for site L1129b, while indicate in site L1105 a worse agreement,
with respect to case 1, between numerical results and experimental data. On the ba-
sis of these results we can conclude that in site L1129b the presence of noise sources,
which act on the phytoplankton biomass, allows to further improve the agreement
between theoretical results and experimental findings. Contrasting indications are
provided, in site L1105, by the χ˜2 and K-S tests, about the role played by the noise
sources ξb1 and ξb2 from the point of view of a better agreement between theoretical
and experimental distributions.
In conclusion, the results obtained from the stochastic model indicate that the en-
vironmental fluctuations, connected with the random modifications of physical and
chemical variables, such as temperature, velocities field, and food resources, i.e.
phosphorus concentration, can give rise to interesting effects: (i) ”shift” of the DCM
towards a greater depth; (ii) ”disappearance” of picoeukaryotes and Prochlorococ-
cus for higher noise intensity. These results could explain the time evolution of
picophytoplankton populations in real ecosystems whose dynamics is continuously
influenced by random fluctuations of the environmental variables [44, 45, 46].
Chapter 4
Model for population dynamics of
five picophytoplankton species
In this chapter, we introduce a reaction-diffusion-taxis model to simulate the spatio-
temporal behaviuor of five picophytoplankton species in the Tyrrhenian Sea during
three different periods of the year. Specifically, the population dynamics of the pi-
cophytoplankton populations is analyzed by using mathematical models based on
deterministic approach.
In the first part of the chapter, the mechanism responsible for the phytoplankton
dynamics is shown. In particular, we describe the locations of the five species along
the water column due to their different ability to grow in presence of different envi-
ronmental conditions.
In the second part of the chapter, we use a deterministic model to get the distribu-
tions of biomass concentration for five species belonging to two picophytoplankton
groups, i.e. picoeukariotes and picoprokaryotes. In particular, the behaviour of the
vertical profiles obtained is analyzed in presence of a water column mixed in upper
layer and weakly mixed in deeper layers. The numerical results converted in the
total concentration of chl a and Dvchl a are compared with the experimental data.
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4.1 Mechanism responsible for the phytoplankton
dynamics
In this study the spatio-temporal behaviour of the five picophytoplankton species is
analyzed by using a deterministic approach. In particular, the analysis is performed
by taking into account the intraspecific competition of every population for light and
nutrients inside the Modified Atlantic Water (from the surface down to 200 m). This
is located above the Levantine Intermediate Water (LIW) and corresponds to the
euphotic zone of the water column, where the growth of phytoplankton is allowed.
The real conditions of marine ecosystem are reproduced by considering the wa-
ter column stratification. Specifically, we assume that the diffusivity D(z) takes a
larger value DU in the upper layer (from the surface down to the thermocline) and a
smaller value DD in the deeper layers [18]. The former changes as a function of the
time, while the latter remains constant during the whole solar year. By this way,
the influence of the upper mixed layer on population dynamics has been studied by
modifying the vertical turbulent diffusivity and thermocline position depending on
the period of the year.
In previous works it has been shown that phytoplankton should move along the
water column upward if growing conditions are better above than below, downward
if growing conditions are better below than above, and should not move if growing
conditions are worse above and below [16]. As a consequence, in order to better
simulate the behaviour of phytoplankton species, the active movement is modeled by
a taxis term, where the swimming velocity vi of each population changes direction
according to the value of gradient of its net growth rate.
The mathematical tool used to reproduce the picophytoplankton dynamics is a
model based on a system with six differential equations and an auxiliary equation.
By solving this system, we obtain the vertical distributions of five picophytoplankton
populations as a function of the depth. The location of the production layer of each
picophytoplankton population is shown in Fig. 4.1, where a schematic representation
of the mechanism underlying the phytoplankton dynamics is given.
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Figure 4.1: Scheme of the mechanism responsible for the phytoplankton dynam-
ics (modified from original figure by Alexey Ryabov). Inset: (a) Prochlorococcus
PCC 9511 (courtesy of Rippka et al., 2000 (Ref. [121])), (b) Micromonas NOUM17
(courtesy of Augustin Engman, Rory Welsh, and Alexandra Worden).
4.2 The five-population model
4.2.1 Description of the model
In this paragraph we describe the dynamics of the five picophytoplankton popu-
lations by using a deterministic reaction-diffusion-taxis model [16, 17, 18]. As in
previous chapters, the populations analyzed are distributed along a one-dimensional
spatial domain (z-direction) in the euphotic zone of the water column. In particular,
we assume that the interaction of these five populations with the environment occurs
through the same two factors that limit the growth of the aquatic microorganisms:
light intensity and nutrient, i.e. phosphorus. The model allows to obtain the dynam-
ics of the biomass concentrations of Synechococcus, Haptophytes, Prochlorococcus
HL, Pelagophytes and Prochlorococcus LL given by b1(z, t), b2(z, t), b3(z, t),b4(z, t)
and b5(z, t), respectively. Moreover, the vertical distributions of the nutrient con-
centration R(z, t) and light intensity I(z, t) are obtained. In the numerical solutions
a crucial role in the phytoplankton dynamics is played by the specific loss rate of
biomass concentration, the active movement of the single microorganisms, and the
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growth rates of the five picophytoplankton populations. In particular, the growth
rates depend on I and R, whose characteristics of limiting factors [16, 24, 28, 91]
are described in the model by the Monod kinetics [92]. In particular, the gross phy-
toplankton growth rates per capita are given by min{fIi(I), fRi(R)}, where fIi(I)
and fRi(R) are obtained by the Michaelis-Menten formulas
fIi(I) = riI/(I +KIi), (4.1)
fRi(R) = riR/(R +KRi), (4.2)
where ri is the maximum growth rate, and KIi and KRi are the half-saturation
constants for light intensity and nutrient concentration, respectively, of the i-th pi-
cophytoplankton species. As for previous analysis (one- and two-population models),
the constants depend on the metabolism of the specific microorganisms considered.
Specifically, the values of KRi and KIi determine, along the water column, the
boundaries of the production layer and the position of the maximum of biomass
concentration for each population. The specific loss rate of the i-th picophytoplank-
ton species, due to respiration, death, and grazing, is given by mi [16, 17, 18]. In
particular, the loss rates have been estimated by using the experimental results ob-
tained by other authors [78, 126, 127, 128]. The net per capita growth rates are
defined as
Gi(z, t) = min(fRi(R(z, t)), fIi(I(z, t)))−mi. (4.3)
The passive movement of all phytoplankton species depends on the turbulence, which
is modeled by a vertical turbulent diffusivity with coefficient D(z). This is assumed
uniform in the upper mixed layer (D(z) = DU), while decreases as a function of the
depth from the thermocline down to deeper layers, where reaches the value DD [18].
The gradual transition from one area to another has been described in terms of a
generalized Fermi function
D(z) = DD +
DU −DD
1 + exp(z−Zt)/w
, (4.4)
where Zt is the depth of the thermocline and the parameter w is the width of the
transient layer.
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The active movement of each population is described by the swimming velocity
vi, which is a function of the gradient of net growth rate (∂Gi(z, t)/∂z) [16]. In
the model, positive velocities are oriented downward in the direction of positive z.
Moreover, the magnitude of swimming velocity vsi for each population is estimated
by using the same criteria adopted by other authors [82]. Therefore, in order to
reproduce the active movement of the i-th picophytoplankton species, we use a step
function [16], defined as vi = +v
s
i if ∂Gi(z, t)/∂z > 0, vi = −v
s
i if ∂Gi(z, t)/∂z < 0,
and vi = 0 if ∂Gi(z, t)/∂z = 0.
By taking in account these assumptions about growth, loss, and movement, we ob-
tain the following differential equations for the population dynamics of the different
species of phytoplankton [7, 16, 17, 18]
∂bi(z, t)
∂t
= bimin(fIi(I), fRi(R))−mibi+
∂
∂z
[
D(z)
∂bi(z, t)
∂z
]
−vi
(
∂Gi(z, t)
∂z
)
∂bi(z, t)
∂z
(4.5)
As boundary conditions for the concentration of the i-th picophytoplankton species,
we assume, according to one- and two population analysis, no-flux in both surface
layer z = 0 and interface MAW-LIW z = zb:[
D(z)
∂bi
∂z
− vibi
]∣∣∣∣∣
z=0
=
[
D(z)
∂bi
∂z
− vibi
]∣∣∣∣∣
z=zb
= 0. (4.6)
The nutrient concentration R(z, t) is consumed by all the picophytoplankton species,
and a further quantity of nutrient is obtained from dead phytoplankton by a recycling
process. Furthermore, turbulence is also responsible for mixing of the nutrient along
the water column and it is described by the vertical turbulent diffusivity D(z). The
dynamics of the nutrient concentration can be therefore modeled as follows
∂R(z, t)
∂t
= −
∑ bi(z, t)
Yi
·min(fIi(I), fRi(R)) +
∂
∂z
[
D(z)
∂R(z, t)
∂z
]
+
∑
εimi
bi(z, t)
Yi
, (4.7)
where εi and 1/Yi are nutrient recycling coefficient and nutrient content of the i-th
picophytoplankton species, respectively.
According to the conditions fixed fro one- and two- population models, nutrients do
not come from the top of the water column but are supplied from the bottom. In
particular, nutrient concentration at the bottom of the water column, R(zb), is fixed
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at the average value Rin for all periods of the solar year. The boundary conditions
are therefore modeled by the following equations
∂R
∂z
∣∣∣∣∣
z=0
= 0, R(zb) = Rin. (4.8)
The biomass concentration bi(z, t) is then converted in chlorophyll concentration
chlai(z, t) for each phytoplankton species. As a consequence, we take into account
the shading due to the chlorophyll molecules in the Lamber-Beer’s law [19, 35, 93],
with the light intensity being characterized by the usual exponential decrease
I(z) = Iin exp
{
−
∫ z
0
[∑
ai · chlai(Z) + abg
]
dZ
}
, (4.9)
where ai are the chl a-normalized average absorption coefficients of the i-th pico-
phytoplankton species, abg is the background turbidity, and Iin is the incident light
intensity at the water surface.
4.2.2 Simulation setting
In this paragraph, we describe the procedure to set the values of the environmental
and biological parameters used in the model to obtain the experimental distributions
of the total concentration of chl a and Dvchl a (see Fig. 1.5). As in the previous chap-
ters, the parameters have been fixed in order to obtain the monostability condition,
which corresponds to the presence of a DCM in the site investigated. This condition
is valid in Tyrrhenian Sea during the period included between the early spring and
late autumn [16, 17, 18, 29]. The DCM is also present during the winter season, even
if an strong increase of the total chl a and Dvchl a concentration is observed in the
surface layer during the late winter. In this period, the vertical distribution assumes
the shape of UCM profile due to upwelling of nutrients, which reach the shallower
layers of the water column by supporting the growth of phytoplankton species. As
a consequence, to obtain the numerical results in agreement with experimental data
for all periods of the year, we used different values of some environmental parameters
to simulate seasonal changes. The numerical values assigned to the parameters are
shown in Table 4.1. Here, the values of the biological parameters have been chosen
to reproduce the behaviour of the five picophytoplankton species. In particular, as
in previous chapters, the maximum specific growth rates have been chosen in agree-
ment with those measured by other authors [78, 94, 126], accordingly, the specific
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Symbo l Inte rp re ta tio n U nits A u tu mn W inte r S p ring
Iin Incid ent lig ht intensity µmo l p ho to ns m
−2 s−1 4 21.6 7 6 01.8 5 14 54 .4 0
abg B a ck g ro u nd tu rb id ity m
−1 0.06 0 0.06 0 0.06 0
a1 = a3 = a5 A ve ra g e a b so rp tio n co e ffi cient o f p ico p ro k a ryo tes m
2 mg chl-a −1 0.016 0.016 0.016
a2 = a4 A ve ra g e a b so rp tio n co e ffi cient o f p ico e u k a ryo tes m
2 mg chl-a −1 0.012 0.012 0.012
a6 A ve ra g e a b so rp tio n co e ffi cient o f p hyto p la nk to n > 3µm m
2 mg chl-a −1 0.015 0.015 0.015
zb D e p th o f the wa te r co lu mn m 200 200 200
DU Vertica l tu rb u lent d iff u sivity in U M L m
2 h−1 3.19 8 10.38 1 2.7 4 5
DD Vertica l tu rb u lent d iff u sivity in d e e p la ye r m
2 h−1 0.54 0 0.54 0 0.54 0
r1 M a x imu m sp ecifi c g rowth ra te o f S ynecho co ccu s h
−1 0.058 0.058 0.058
r2 M a x imu m sp ecifi c g rowth ra te o f H a p to p hytes h
−1 0.07 9 0.07 9 0.07 9
r3 M a x imu m sp ecifi c g rowth ra te o f Pro chlo ro co ccu s H L h
−1 0.08 8 0.08 8 0.08 8
r4 M a x imu m sp ecifi c g rowth ra te o f Pela g o p hytes h
−1 0.09 6 0.09 6 0.09 6
r5 M a x imu m sp ecifi c g rowth ra te o f Pro chlo ro co ccu s L L h
−1 0.031 0.031 0.031
KI1 H a lf-sa tu ra tio n co nsta nt o f lig ht-limite d g rowth o f S ynecho co ccu s µmo l p ho to ns m
−2 s−1 8 0.00 8 0.00 8 0.00
KI2 H a lf-sa tu ra tio n co nsta nt o f lig ht-limite d g rowth o f H a p to p hytes µmo l p ho to ns m
−2 s−1 8 0.00 8 0.00 8 0.00
KI3 H a lf-sa tu ra tio n co nsta nt o f lig ht-limite d g rowth o f Pro chlo ro co ccu s H L µmo l p ho to ns m
−2 s−1 36 .00 36 .00 36 .00
KI4 H a lf-sa tu ra tio n co nsta nt o f lig ht-limite d g rowth o f Pela g o p hytes µmo l p ho to ns m
−2 s−1 19 .7 5 19 .7 5 19 .7 5
KI5 H a lf-sa tu ra tio n co nsta nt o f lig ht-limite d g rowth o f Pro chlo ro co ccu s L L µmo l p ho to ns m
−2 s−1 1.00 1.00 1.00
KR1 H a lf-sa tu ra tio n co nsta nt o f nu trient-limite d g rowth o f S ynecho co ccu s mmo l nu trient m
−3 0.0010 0.0010 0.0010
KR2 H a lf-sa tu ra tio n co nsta nt o f nu trient-limite d g rowth o f H a p to p hytes mmo l nu trient m
−3 0.004 0 0.0034 0.0230
KR3 H a lf-sa tu ra tio n co nsta nt o f nu trient-limite d g rowth o f Pro chlo ro co ccu s H L mmo l nu trient m
−3 0.016 0 0.0058 0.08 50
KR4 H a lf-sa tu ra tio n co nsta nt o f nu trient-limite d g rowth o f Pela g o p hytes mmo l nu trient m
−3 0.1050 0.016 3 0.2150
KR5 H a lf-sa tu ra tio n co nsta nt o f nu trient-limite d g rowth o f Pro chlo ro co ccu s L L mmo l nu trient m
−3 0.06 10 0.0535 0.09 00
m1 S p ecifi c lo ss ra te o f S ynecho co ccu s h
−1 0.014 0.014 0.014
m2 = m4 S p ecifi c lo ss ra te o f p ico e u k a ryo tes h
−1 0.010 0.010 0.010
m3 = m5 S p ecifi c lo ss ra te o f Pro chlo ro co ccu s h
−1 0.011 0.011 0.011
1/Y1 N u trient co ntent o f S ynecho co ccu s mmo l nu trient ce ll
−1 5× 10−14 5× 10−14 5× 10−14
1/Y2 = 1/Y4 N u trient co ntent o f p ico e u k a ryo tes mmo l nu trient ce ll
−1 2× 10−12 2× 10−12 2× 10−12
1/Y3 = 1/Y5 N u trient co ntent o f Pro chlo ro co ccu s mmo l nu trient ce ll
−1 2.5× 10−14 2.5× 10−14 2.5× 10−14
ε1 N u trient recycling co e ffi cient o f S ynecho co ccu s d imensio nless 0.51 0.51 0.51
ε2 = ε4 N u trient recycling co e ffi cient o f p ico e u k a ryo tes d imensio nless 0.52 0.52 0.52
ε3 = ε5 N u trient recycling co e ffi cient o f Pro chlo ro co ccu s d imensio nless 0.52 0.52 0.52
vs
1
M a g nitu d e o f swimming velo city o f S ynecho co ccu s m h−1 0.00008 8 0.00008 8 0.00008 8
vs
2
= vs
4
M a g nitu d e o f swimming velo city o f p ico e u k a ryo tes m h−1 0.00009 8 0.00009 8 0.00009 8
vs
3
= vs
5
M a g nitu d e o f swimming velo city o f Pro chlo ro co ccu s m h−1 0.000039 0.000039 0.000039
Rin N u trient co ncentra tio n a t zb mmo l nu trient m
−3 0.204 0.204 0.204
Table 4.1: Parameters used in the model. The values of the biological and environ-
mental parameters are those typical of five picophytoplankton species that coexist
in the Tyrrhenian Sea during three different periods of the year.
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loss rates have been estimated on the basis of the experimental results described in
previous works [78, 126, 127, 128]. Conversely, the swimming velocity and nutri-
ent recycling coefficients have been chosen by following different criteria respect to
previous chapters. Specifically, the magnitudes of swimming velocities of all pico-
phytoplankton species are set equal to the values obtained by Raven for spherical
phytoplankton cells [82], while nutrient recycling coefficients have been calculated by
taking into account the assimilation efficiencies of the planktonic species estimated
by Thingstad [127].
The half-saturation constants, KRi and KIi , for the five populations are set to ob-
tain a suitable position of production layers and a certain depth for the position
of the peak of biomass concentration. In particular, we fix that the half-saturation
constants for nutrient assume low values for those populations, i.e. Synechococcus
and Haptophytes, that are better adapted to low nutrient concentration. Vicev-
ersa, the half-saturation constants for light intensity are set to low values for those
populations, i.e. Pelagophytes and Prochlorococcus LL, that are better adapted to
low light intensity. As a consequence, the peaks of biomass concentration of the
Pelagophytes and Prochlorococcus LL are localized, along the water column, deeper
than those of the Synechococcus and Haptophytes. In this study, different values of
the half-saturation constants for nutrient concentration have been used to mimics
the genetic plasticity of picophytoplankton species, which modify their capacity to
absorb nutrient in correspondence to the seasonal variations of the environmental
conditions. In fact, the half-saturation constants for nutrient depend on the tur-
bulent kinetic energy dissipation rate ², which changes its value as a function of
the depth of the thermocline and friction velocity in air. Since these environmental
variables assume different values during the year, the half-saturation constants for
nutrient cannot be considered constant in the three periods investigated.
It is worth nothing that we set half-saturation constants, KRi and KIi , by taking
into account the invasibility criterion used by Ryabov and Blasius [69] to guaran-
tee the coexistence of two or more species in the same layers of the water column.
This choice allows to obtain numerical results in agreement with the experimental
data, even if the maximum concentration for each species is localized at a different
depth [19].
In this study, the nutrient contents of the picophytoplankton species, 1/Yi, are fixed
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to the same values in the three periods investigated (see Table 4.1). These param-
eters have been estimated for Synechococcus and Pelagophytes by using previous
works [129, 130], while no data are available for the other phytoplankton species.
Therefore, in order to obtain cell concentrations in agreement with the experimental
findings, we set the nutrient contents of Haptophytes and Prochlorococcus (both the
ecotypes) such as to respect the ratios between the average concentrations of the
picophytoplankton species studied [67, 68].
The chl a-normalized average absorption coefficients have been estimated by using
the light absorption spectra obtained by other authors on picophytoplankton cul-
tures [19, 89]. The values used in the model are in agreement with the absorption
coefficients measured by Brunet et al. in Gulf of Naples [83].
Finally, it is worth underline that all the biological parameters, except the half-
saturation constants for nutrient concentration, are the same in the three periods
studied.
The values of the environmental parameters have been chosen to reproduce the
marine ecosystem of the Tyrrhenian Sea in autumn, winter and late spring. The
water column depth used in the model is fixed equal to that estimated for the MAW
(200 m). The vertical turbulent diffusivity in the deep layers is set at a typical value
of weakly mixed water (DD = 1.5 cm
2 s−1) for all periods investigated [18, 42, 43].
Viceversa, the diffusivity in the upper mixed layer DU assumes different values dur-
ing the year. These values can be estimated by exploiting the several methods
adopted by other authors in marine ecosystems [131, 132, 133, 134, 135]. Specif-
ically, to obtain DU in winter and late spring, we used the expression of Denman
and Gargett [131] defined as
DU = 0.25²N
−2, (4.10)
where ² and N are the turbulent kinetic energy dissipation rate and the buoyancy
frequency, respectively. The former is calculated by using the friction velocity in the
water estimated by remote sensing, and the vertical profile of temperature acquired
in situ for each period considered. The latter has been calculated by using the
vertical profile of water density measured together with the temperature profile by
the CTD probe.
In the autumn season, the vertical turbulent diffusivity in the upper layer has been
71
fixed to the maximum value obtained using the following expression by Oakey [132,
133]
DU = (1.0± 0.5) · 0.24²N
−2, . (4.11)
This choice is due to the fact that, in the preliminary analysis, the theoretical
biomass concentrations were underestimated in the upper mixed layer respect to
the experimental data, when the expression of Denman and Gargett was used.
By following the same procedure of previous chapters, we set the light intensity at
the water surface, Iin, at values corresponding to the periods investigated. In partic-
ular, the light intensities used in this study have been fixed using data available on
the NASA web site1. Finally, nutrient concentrations at depth zb were fixed at the
average value of phosphorus concentration obtained by analyzing the bottle samples
collected in the site investigated during the three oceanographic surveys.
4.2.3 Results of the deterministic model
The theoretical distributions of biomass concentrations for the five picophytoplank-
ton populations are obtained by solving numerically Eqs. (4.5)-(4.9). Following the
same procedure described in the previous chapters, we used a numerical method,
whose computer implementation consists in a C++ program, based on an explicit
finite difference scheme with centered-in-space differencing for the diffusion term
and upwind differencing for the taxis term. The increment of the spatial variable
and the time step are set at 0.5 m and 0.05 h, respectively. Also in this case, these
values are chosen such as to obtain the stability conditions for both differencing
terms. Moreover, on the basis of the analysis performed in paragraph 2.1.3, the
convergence of the whole finite difference equations is guaranteed [96, 99, 100].
As initial conditions, we assumed for each picophytoplankton species a small biomass
concentration uniformly distributed along the water column. Moreover, the nutrient
concentration is fixed equal to zero from the water surface to the thermocline, while
increases linearly below this point down to the interface MAW-LIW.
The equation system (4.5)-(4.9) is solved for the three period of the year, with
1http://eosweb.larc.nasa.gov/sse/RETScreen/
the maximum simulation time tmax = 10
5 h, even if the stationary solution already
appears for t ≈ 5 · 104 h (see Fig. 4.2). Therefore, in order to obtain the stationary
distributions for the biomass concentrations of the five populations, and the profiles
of nutrient concetration, it is sufficient to set tmax = 6 · 10
4 h.
The numerical results for the autumnal period are shown in Fig. 4.3. Here, it is
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Figure 4.2: Contour map for Synechococcus, Haptophytes and Prochlorococcus HL
(top panels from left to right), Pelagophytes, Prochlorococcus LL and nutrient con-
centration (bottom panels from left to right) as a function of the depth and time.
The parameters are set to the autumn values of table 4.1.
possible to observe the presence of the biomass peak for Haptophytes, Prochloro-
coccus HL and Pelagophytes (see panels b, c, d of Fig. 4.3) in correspondence of the
experimental DCM (see Fig. 4.4). This theoretical result is obtained also for the
other periods of the year investigated, and is in agreement with the experimental
data reported in previous works [65, 67, 68]. Moreover, a Synechococcus biomass
peak (panel a of Fig. 4.3) is observed close to the surface water in correspondence
of the upper mixed layer, where the total average chl a and Dvchl a concentration
reaches a value equal to 0.08 µg/l in autumn (see again Fig. 4.4). This value in-
creases during the winter season and decreases in late spring, in according to the
behaviour of the biomass concentration of Synechococcus. Conversely, the peak of
Prochlorococcus LL biomass concentration is localized in deeper layers, where the
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total average chl a and Dvchl a concentration assumes low values during the whole
solar year (see panels b, d, f of Fig. 1.5). Finally, we note that the nutrient concen-
tration show the typical behaviour experimentally observed.
Also in this case the experimental data are expressed in µg/l (see Fig. 1.5), which
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Figure 4.3: Stationary distributions of Synechococcus (panel a), Haptophytes (panel
b), Prochlorococcus HL (panel c), Pelagophytes (panel d) and Prochlorococcus LL
(panel e) biomass concentrations, and nutrient concentration (panel f) as a function
of the depth. The numerical profiles simulate the experimental data acquired in the
sampling site (39o 30′.00N, 13o30′.00E), during the oceanographic survey VECTOR-
TM1 (24 November 2006). The values of the parameters are those of table 4.1 for
autumn.
is the unit of measure used for chl a and Dvchl a concentrations. As a consequence,
in order to compare the theoretical profiles of Fig. 4.3 with the experimental find-
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ings, the numerical cell concentrations of the five populations (expressed in cell/m3)
were converted into chl a and Dvchl a concentrations (expressed in µg/l) by set-
ting the cellular content of Synechococcus equal to 2 fg chl a cell−1 [70], and using
the curves of mean vertical profile for the other species [67, 68]. It is worth recall-
ing that the structure of the chlorophyll a molecule is almost identical to that of
Divinyl chlorophyll a, therefore we can sum their concentrations (without introduc-
ing significat errors) to obtain theoretical equilibrium profiles the total chl a and
Dvchl a concentration. By analyzing the bottle samples collected in the same site
of the Tyrrhenian Sea during different periods of the year, diatoms, cryptophytes
and dinophytes resulted to be present in traces. As a consequence their contribution
to the total chlorophyll-a concentration can be neglected. Conversely, it has been
estimated that the fraction of the nano- and micro-phytoplankton (> 3µm) account
about for 20% of the total quantity of chl a and Dvchl a. This quantity is quite
uniformly distributed along the water column. Thus, following the same procedure
as for the two-population analysis, we considered the biomass fraction of the nano-
and micro-phytoplankton and divided it by depth, obtaining the value ∆b(Dv)chl a,
which represents a constant concentration along the whole water column, due to
other phytoplankton species present in the site investigated [29, 43]. Therefore,
along the water column, we added the numerical concentrations with ∆b(Dv)chl a and
obtained, for all seasons, the stationary theoretical profiles which can be compared
with experimental ones.
The results, shown in Fig. 4.4, indicate the presence of a very good agreement be-
tween experimental data (green line) and numerical results (red line) in late spring.
In particular, by performing the goodness-of-fit test χ2, we obtained for the reduced
chi-square χ˜2 = 0.0045. Viceversa, the theoretical profiles obtained for other peri-
ods are not in total agreement with the experimental distributions. Specifically, the
numerical results show a magnitude of the total chl a and Dvchl a concentration
underestimated in the upper mixed layer, while a good agreement with experimental
data is obtained in deeper layers. This behaviour is due to two different reasons:
the difficulty to find the correct vertical turbulent diffusivity in autumn and winter,
since the methods used in this study can give values lower than those postulated for
the real marine ecosystems; the increase of the nano- and micro-phytoplankton frac-
tion in the upper mixed layer during the winter season as observed by performing
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Figure 4.4: Theoretical distributions (red line) of the total chl a and Dvchl a concen-
tration in stationary conditions. The profiles, obtained by the five-population model
and given as a function of the depth, are compared with the experimental distri-
butions (green line) collected in the sampling site (39o 30′.00N, 13o30′.00E), during
the oceanographic surveys VECTOR-TM1 (24 November 2006, panel a), VECTOR-
TM2 (3 February 2007, panel b) and VECTOR-TM4 (9 June 2007, panel c).
the analysis on the bottle samples. As a consequence, the magnitude of the total
chl a and Dvchl a concentration obtained by the model in correspondence of the
surface layer is underestimated.
In conclusion, the five-population model is able to reproduce the behaviour of the
picophytoplankton species analyzed in the deeper layers, i.e. below the thermocline,
during the whole solar year. On the other hand, the study indicates that the model
needs of further modifications to obtain theoretical profiles of the total chl a and
Dvchl a concentration in agreement with experimental data in the upper mixed layer.
Conclusions
The studies presented in this thesis consisted in analyzing the dynamics of picophy-
toplankton species by using deterministic and stochastic models [37, 29, 106, 125]
and comparing the results with real data coming from three different sites of the
Mediterranean Sea. In particular, first we investigated the phytoplankton dynamics
in two sites of the Strait of Sicily in the summer period, when the waters are preva-
lently oligotrophic, i.e. with low nutrient concentrations. Afterwards, we analyzed
the spatio-temporal behaviour of phytoplankton in a site of the Tyrrhenian Sea dur-
ing three different periods of the year, by taking into account the seasonal changes
of the environmental variables. The phytoplankton species analyzed belong to two
groups, i.e. picoeukaryotes and picoprokaryotes, which account about for 80% of
total chlorophyll on average in Mediterranean Sea and represent the whole smaller
size fraction (less than 3 µm) of the phytoplankton, i.e. picophytoplankton.
The sites analyzed in this thesis are characterized by oligotrophic waters, typ-
ical of Mediterranean Sea, where the surface mixed layer is depleted of nutrients
and the subsurface maxima of chlorophyll concentration are often found. Such deep
chlorophyll maxima (DCMs) are permanent features in large parts of the tropical
and subtropical oceans [14, 136, 137, 138, 139]. Furthermore, seasonal DCMs com-
monly develop in temperate regions [138, 140, 141] and even in polar oceans [142],
when nutrients are depleted in the surface layer with the onset of the summer sea-
son. Here we extend the useful recent phytoplankton models [16, 39, 122, 143, 144]
to show that the phytoplankton distributions, due to random changes, can exhibit
fluctuations.
The studies performed by using mathematical models consists in the analysis and
subsequent modeling of data coming from Mediterranean Sea, where the climatic
conditions are those typical of a temperate region, and the DCMs show stable fea-
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tures for given conditions of light and food resources. For values of depth ranging
from 50 to 110 meters, the presence in the experimental data of a deep chlorophyll
maximum indicates the existence of favourable life conditions for phytoplankton,
according to other experimental findings [67], where higher biomass concentrations
were observed between 60 and 90 meters. At the depths considered in this thesis
the light intensity is strongly reduced respect to the surface value (about 1% of the
surface irradiance at 75 m). The low light intensity however does not prevent the
presence of the phytoplankton community [66, 88], since in deeper layers the high
concentration of nutrients determines the most favourable life conditions for many
species of phytoplankton [145]. Differences in the composition of phytoplankton
between the surface and the DCMs are evident mainly for the smaller size class
(less than 3 µm), which exhibits greater bio-diversity at depths between 50 and
100 meters. This could be due to the fact that different species of phytoplankton
exhibit different responses to the limiting conditions. This behaviour is observed in
the Mediterranean Sea, where the incident light intensity is characterized by high
values in the summer period. In particular, close to the surface the low nutrient
concentration represents a limiting condition for all the phytoplankton species, so
that the biomass concentration increases with the depth. For larger values of depth
however the light intensity becomes a main limiting factor for some species, such as
Synechococcus, which show a low degree of adaptability to smaller values of light in-
tensity [66, 89]. This causes Prochlorococcus and picoeukaryotes, which show a high
degree of genetic plasticity [146] and tolerate lower light intensities [79, 89, 147], to
exhibit a dominance in the deep chlorophyll maximum [68].
In the models presented here, the values of the biological parameters were those
estimated by other authors for the species belonging to two picophytoplankton
groups, i.e. picoeukaryotes and picoprokaryotes, while the environmental param-
eters were set at values typical of the oligotrophic waters. Moreover, the models
includes well established facts, such as the greater photoacclimation ability of pi-
cophytoplankton species respect to nano- and micro-phytoplankton [66, 67, 68, 79,
83, 88], and the strong contribution of picoeukaryotes, specifically Pelagophytes
and Haptophytes [148, 149], to the phytoplankton biomass, as observed also in cul-
ture [79, 88, 94].
In chapters 2 and 3, we introduced two stochastic models (one- and two pop-
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ulation approaches, devised starting from previous deterministic models [17, 150]
by these tools the spatio-temporal dynamics of the picophytoplankton biomass was
studied along the water column in two different sites of the Sicily Channel in the
summer period. In these analysis, for fixed sinking velocity v, we chose values
of the vertical turbulent diffusivity both for biomass and nutrient concentration
(Db = DR = D) which determine the absence of intrinsic oscillations of the pico-
phytoplankton biomass, maintaining the system far from the chaos. In the one-
population model we used the condition D = 0.5 cm2/s, corresponding to poorly
mixed waters along the whole water column, which causes the phytoplankton peak
to have a width of few meters. Similarly, in the two-population model, we set the
condition D ≤ 3.0 cm2/s, corresponding to weakly mixed waters, which causes the
phytoplankton peak to have a width of some meters. In both models, the numer-
ical results showed that the thickness of DCM was comparable with that observed
in the experimental data. Moreover, we also considered the presence of an upper
mixed layer, above the thermocline, characterized by a higher value of the diffusion
coefficients (D = 50 cm2/s), keeping Db = DR constant for greater depth [18]. The
results (not shown in this thesis) did not evidence, in both cases, any variations in
the picophytoplankton distributions respect to the case of uniform diffusion coeffi-
cients along the whole water column. This can be explained noting that during the
summer the mixed layer, due to the depth of the thermocline, is not thick enough
to influence the DCMs of the chlorophyll distributions.
In both models (one- and two-population approaches), to compare the numerical
results with the experimental data, the theoretical biomass concentrations were con-
verted into chl a and Dvchl a concentration by using the mean vertical profile curves
of Brunet at al. [68]. These curves come from the analysis on the chlorophyll content
per picophytoplankton cell, which is highly variable as a function of the depth. This
result does not agree with other works, where a linear trend has been postulated
in the shallower layers of the water column. However, from the comparison with
experimental findings it was found that the values of chl a concentration obtained
from the model are in a good agreement not only with the data sampled in the Sicily
Channel but also with those measured by Brunet et al. [68]. Moreover, it is worth
noting that the theoretical results for the picoeukaryotes and Prochlorococcus con-
centrations expressed in number of cells/m3 match the corresponding experimental
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data presented in Refs. [67, 68].
More specifically the analysis based on the one- and two-population models was
performed, as a first step, by following a deterministic approach. The results of
the one-population model showed a qualitative agreement with the real data, even
if strong discrepancies were observed between the characteristics of the chl a con-
centration profiles provided by the model and those obtained from the real data.
Conversely, the results obtained by solving the two-population model showed a good
quantitative agreement with the field observations, even if the theoretical and ex-
perimental distributions of the total chl a and Dvchl a concentration present some
differences. In particular, the shape of the theoretical distribution of the total chl a
and Dvchl a concentration resulted quite different from the experimental profile in
site L1129b, while the magnitude of the theoretical DCM in site L1105 was higher
than the experimental value. However, a quantitative comparison based on the χ2
goodness-of-fit test confirmed an agreement between the theoretical results and ex-
perimental data better than that obtained by the one-population model.
As a second step, in order to improve the agreement between theoretical and ex-
perimental distributions, the one- and two-population analysis were performed by
following a stochastic approach (see chapters 2 and 3). In particular, the random
fluctuations of the environmental variables were taken into account by adding terms
of multiplicative Gaussian noise in the differential equations for the phytoplankton
biomass and nutrient concentration.
In the one-population model, the results obtained indicated that the presence of
random fluctuations acting directly on the phytoplankton biomass determines chl
a stationary distributions more similar to the experimental ones. In particular, we
found that in the sites investigated both the position and magnitude of the DCMs
resulted to be in a very good agrement with the experimental findings. On the
other side, adding a noise source which acts directly on the dynamics of the nutri-
ents, suitable noise intensities (much lower than those used in the equation for the
phytoplankton biomass)determined further improvement of the theoretical distribu-
tions of the chl a concentration respect to the experimental ones.
In the two-population model, the theoretical results showed that the presence of a
noise source, which acts directly on the dynamics of the nutrient, allows to repro-
duce, in stationary conditions and for both marine sites analyzed, average profiles
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of the total chl a and Dvchl a concentration in a better agreement with the ex-
perimental findings respect to the deterministic case. In particular, on the basis of
two comparative methods (χ2 goodness-of-fit test and Kolmogorov-Smirnov test) it
has been found that position, shape and magnitude of the DCMs agree very well
with the experimental ones in both sites investigated. Moreover, the results of the
statistical tests are much better than those obtained by using the one-population
stochastic model. Afterwards, the model has been modified by considering also the
effects of two multiplicative Gaussian noise sources, which act directly on the two
picophytoplankton groups, i.e. picoeukaryotes and Prochlorococcus. In these con-
ditions, for suitable noise intensities, the χ2 goodness-of-fit test exhibit in both sites
values much lower than those obtained by the previous stochastic analysis (noise
source only in the equation for the nutrient). On the other side, the values obtained
from the Kolmogorov-Smirnov test became worse respect to the deterministic model
in one of the two marine sites analyzed, but remained unaltered for the other site,
indicating that the random fluctuations which affect the nutrient dynamics play a
main role in the dynamics of the ecosystem.
Finally, in all stochastic models analyzed, it has been found that, for higher noise
intensities, a rapid extinction of the picophytoplankton community is observed.
In chapter 4 the five-population deterministic model was presented. Reproduc-
ing the behaviour of the vertical turbulent diffusivity along the water column by
the use of the methods adopted in other works [18, 131, 132, 133]. In particular,
the vertical diffusivity in the upper mixed layer, DU , was estimated by taking into
account the seasonal changes of the environmental variables, while a constant value
DD was fixed in the deeper layers. The other environmental variables were obtained
by analyzing the experimental data acquired during the three periods of the year
investigated. Finally, the biological parameters were estimated on the basis of ex-
perimental findings presented in previous works [78, 126, 127, 128, 129, 130].
By following the procedure described in chapter 4, the theoretical results were con-
verted in chl a and Dvchl a concentration [68, 70]. The theoretical results, according
to the experimental data, showed different behaviours in the three periods investi-
gated. From a quantitative point of view, the χ2 goodness-of-fit test indicated the
presence of a very good agreement between experimental and theoretical findings
in late spring. Conversely, the statistical test showed that the model is not able to
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reproduce the distributions of the total chl a and Dvchl a concentration because of
a mismatch between model results and experimental data in the upper mixed layer
during the autumn and winter seasons. These results are due to two different rea-
sons: the difficulty to determine the correct value of the vertical turbulent diffusivity
in autumn and winter; the increase of the nano- and micro-phytoplankton fraction
in the upper mixed layer during the winter season.
In conclusion, the models presented in this thesis showed to be valid candidates to
reproduce and predict the effects of environmental conditions on marine ecosystems,
and in particular their influence on the dynamics of phytoplankton populations. Al-
though the models were focused on oligotrophic marine ecosystems, the analysis
performed could be applied to other contexts with different levels of eutrophication.
By this way, it would be possible to study the phytoplankton behaviour close to
coasts. Moreover a possible further extensions of these models could be the inclu-
sion of zooplankton populations and higher trophic levels in view of reproducing the
seasonal dynamics of fish species [18]. Finally, from a general point of view, the re-
sults presented in this thesis could contribute to devise a new class of models, based
on stochastic approach and able to predict future changes in the marine ecosystems.
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